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Abstract

This paper studies function approximation in Gaussian Sobolev spaces over the real line and
measures the error in a Gaussian-weighted LP-norm. We construct two linear approximation
algorithms using n function evaluations that achieve the optimal or almost optimal rate
of worst-case convergence in a Gaussian Sobolev space of order . The first algorithm
is based on scaled trigonometric interpolation and achieves the optimal rate n=% up to
a logarithmic factor. This algorithm can be constructed in almost-linear time with the
fast Fourier transform. The second algorithm is more complicated, being based on spline

smoothing, but attains the optimal rate n~ .

1 Introduction

This paper is concerned with approximating functions in Gaussian-weighted Sobolev spaces
over the real line. We are interested in the sampling recovery problem, constructing linear
approximation algorithms A, (f) that recover a function f: R — R using n function evaluations.
Let p(z) == (2m)"2/2e¢=2"/2 be the Gaussian density function and p € [1,00). We measure the
approximation error in the weighted LP(R) norm

1/p
1f = An(H)llLz = (/R|f(9€) — [An(N](@)I” p(x) dx) (1.1)

and assume that f is an element of the Gaussian Sobolev space

Fllwses = (Z_j [ @) dx)l/q <o} (12)

for some o € N and p < ¢ < co. This space consists of functions whose weak derivatives up to
order v are in L. Since every element of this space admits a continuous representative, in what
follows we always consider the continuous representative so that the function evaluation makes
sense.
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Function approximation in high dimension is an important task. The sampling recovery
problem in Gaussian Sobolev spaces has been recently studied by a number of authors [17, 3, 7].
In this paper, we study sampling recovery in the one-dimensional Gaussian Sobolev spaces W -
and construct explicit linear algorithms that attain the optimal or almost optimal rate of worst-
case convergence. It has been shown by Kuo, Plaskota, and Wasilkowski [15, Theorem 3], and later
independently studied by Dung and Nguyen [3, Theorem 3.3], that the best possible convergence
rate of sampling recovery in Wi for p < ¢ is of order n~%, and we show two alternative methods
achieving this rate with explicit computational cost. As one-dimensional algorithms often serve
as a foundation for their high-dimensional counterparts, our results motivate further study of
such optimal algorithms in a high-dimensional setting.

The first algorithm we propose in Section 2, scaled trigonometric interpolation, achieves
the optimal convergence rate up to a logarithmic factor. This algorithm is nothing but a
trigonometric interpolation on a suitably truncated interval, and thus can be constructed by
Fast Fourier Transform (FFT) with O(nlogyn) computational cost and O(n) memory usage.
Trigonometric interpolation is a popular numerical tool due to the applicability of FFT. In spectral
methods, trigonometric bases are often used even if the original partial differential equation is
defined on the real line (e.g., [13, 33]). This requires suitable treatment of boundary conditions
and truncation of the real line. The truncation interval is chosen to be large enough, but analysis
of the error that this treatment causes is often omitted. Our results on trigonometric interpolation
give theoretical foundation for such methods, and suggest how to choose the truncation interval
depending on the number of evaluation points.

In Section 3 we propose the second algorithm, which is based on spline smoothing. The
algorithm converges with the optimal rate n~™® and is similar to the numerical integration
algorithms in [10, 3]. This is achieved by partitioning a truncated real line into unit intervals and
constructing an independent spline smoother on each interval. As spline smoothers are known to
attain the optimal rate of convergence in classical Sobolev spaces on bounded sets, having the
number of evaluation points allocated to an interval decrease exponentially fast as a function
of the distance of the interval to the origin ensures that the algorithm attains the optimal rate.
The slightly improved convergence rate of this algorithm in comparison to scaled trigonometric
interpolation is offset by its higher computational complexity. Figures 1 and 2 compare the two
algorithms that we propose.

Numerical integration is closely related to function approximation. Here we mention results
related to numerical integration over Gaussian Sobolev spaces for ¢ = 2. For the deterministic
worst-case error, it has been shown that the rate n~% is optimal by Dick et al. [4, Theorem 1],
meaning that any deterministic linear quadrature cannot achieve a convergence rate faster than
n~“. We note that their result is shown for so-called Hermite spaces, but the norm equivalence
between Hermite spaces and Gaussian Sobolev spaces with ¢ = 2 is shown in [4, Lemma 6] and [11,
Lemma 2.1]. Recently, Ding and Nguyen [3, Theorem 2.3] showed that this rate is unchanged for
general ¢ € (1,00). The measure being Gaussian, Gauss—Hermite quadrature is a natural choice.
However, Kazashi, Goda and one of the present authors [11] have shown that Gauss—Hermite
quadrature achieves the deterministic worst-case rate of only n~*/2. An upper bound of order
n~%/? was essentially obtained already by Mastroianni and Monegato [19] and the matching
lower bound was proved in [11, Theorem 3.2]. In contrast, a suitably truncated trapezoidal
rule is shown to achieve the optimal rate n=® up to a logarithmic factor in [11, Theorem 4.5].
The subsequent work of these authors [8] considers the randomized setting, i.e., algorithms are
allowed to be random and their quality is measured in the worst-case root-mean-squared error
(RMSE). Therein it is proved that no nonlinear adaptive algorithm can converge with a worst-case
RMSE rate faster than n~*"/2, and a randomized trapezoidal rule is shown to attain this rate.
The strategy used for obtaining upper bounds of trapezoidal rules both in [11, 8] is based on
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Figure 1: Comparison of the evaluation points used by the algorithms Af and A* from Sections 2
and 3, respectively, for n = 30 and n = 62. The uniform points used by A in (2.1), with T" given
in (2.10) for « =4, ¢ =2, p =1 and £ = 0.25, are displayed in the top panels. The bottom panels
display one possible set of points that can be used to construct the algorithm A of Corollary 3.5.
The density of these points decreases exponentially fast when moving away from the origin. The
algorithm A* converges with the optimal rate n~?, while the rate of convergence of Af is optimal
up to a logarithmic factor.

introducing an auxiliary periodic function. This strategy is first used in [25], and we adapt this
strategy for function approximation in Section 2.

Upon completing this research in the paper, we learned the paper [5] by Dung. The methods
presented therein achieve the optimal rate of convergence, however they depend on various
indices. We emphasize that our methods presented in this paper offer computationally cheap
alternatives, especially the trigonometric interpolation. As an additional feature, our methods
can be constructed without knowledge of the exact smoothness of the target function. Section 4
concludes this paper by briefly discussing known lower bounds, optimality, and other features of
our algorithms.

Notation. Throughout the paper, we denote the set of all positive integers by N. Unless
otherwise specified, in what follows we always assume that p and ¢ in (1.1) and (1.2) satisfy
1 <p < q<oo. Over a given interval [a,b], we denote unweighted and weighted L? spaces by
L*([a,b]) and Lb([a,b]), respectively, and likewise for unweighted and weighted Sobolev spaces.
We use subscripts to denote the dependency of non-negative constants on various parameters.
For example, C, 3 would be a constant that depends only on a and 5. Otherwise we always
specify the parameters that a constant depends or does not depend on.

2 Trigonometric interpolation

This section introduces our first algorithm based on trigonometric interpolation and analyses
its LP-error in terms of the number n of function evaluation. The algorithm is denoted by
Ab Wt — LB,
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Figure 2: A comparison of trigonometric interpolation from Section 2 and spline approximation
from Section 3 when f(x) = |z|, p=1 and ¢ = 2. We plot the weighted approximations pAf (f)
with n = 31 and € = 0.25 (left) and pA’ (f) with n = 30 (right). The spline approximation has
been constructed using a Matérn kernel of order v = 3/2 [see (3.6)], which is a reproducing kernel
for a Sobolev space of order two. Observe how the spline approximation is more accurate close to
the origin than the trigonometric interpolant.

Definition 2.1 (Trigonometric interpolation with cutoff Al). Let g :== fp'/P. We define the
approximation algorithm

AL(f) = p~YPL,(fp"/?) = p~/PL,(g), (2.1)

with Z,, being the trigonometric interpolation on [—T,T):

W2 Ga(R)ey T (@) i@ e [T, T,
Tn(g) = .
0 otherwise,

where qbgc rrl (x) == exp(2mik(x + T)/(2T))/v/2T are orthonormal Fourier basis on L?([-T,TY).
The coefficients g, (k) are calculated using equidistant points as

n—1

. 1 =l . 2T | )
Galk) =~ g()ey VE), with &= j =T, j=0....n -1
7=0

We will bound the LJ error of the above algorithm by decomposing it into two parts:

1/p
If = ALz < </ |f(x) = [AL(D](@)]” p(x) dfﬂ)
R\[-T,T]

o (2.2)

+ ( | 1@ =@l ole) dx>



For the first term, since we have A (f) = 0 outside the interval [T, 7], we simply bound
(fR\[_T ) |f(2)|Pp(z) dz)/P using the decay of g = fp'/P. In the following lemma, we obtain this
decay of g and its derivatives.

Lemma 2.2 (Decay of the function g = fp'/?). Let 1 <p < qg< oo, « € Nand f € Wd. Then

for arbitrary € € (0, %) and g = fp'/P, the following quantity is bounded:

lgllaceay = sup P9 P (2) gD ()] < Cpgaell fllwge < 0.
TE{OQ,E...,a—l}

Proof. First we note that 1/¢ — 1/p + ¢ < 0. In the following, we use the Sobolev inequality
for F,(z) = p'/9=1/P+e(2)g(")(2). That is, from the boundedness of ||F;||ram) and ||F.||rq)
we deduce the boundedness of ||F; ||z ). Let H,(z) be the (-th degree probabilist’s Hermite
polynomial,
_ (_1)6 z2/2 dt —x2/2
H[(IE) = We @e .

First notice from the definition of Hermite polynomials that
d’ ()P = p=2(—)VaH, [ ) p(a)V/?
@) =p He\ 75 )P :

Hence, for 7 = 0,...,a — 1, by applying the product rule to ¢(”) we have

I1F7 (2)|| a(r)

< Z ( )W“ 1)VAH, (jﬁ) ()2 17 (@) £ () | o

< ; (;) \/Ep—f/2||H€ (\jﬁ) p(x)l/ppl/q—l/p—t—e(x)f(r—é)(x)HLq(R)

q
H < > ( |FT=0 ()]9( )dx)
()0l (]
_ T —L/ u i (x (r—£) " ,
_£_0<€)\/Z!p Qieﬁ Hé<\/ﬁ>p( S ( )||LP<OO,

where in the last line, ||f(7*£)(x)||Lg is bounded because f € W4, and the supremum term is
also bounded because H; has at most only polynomial growth. At the same time, noting that
1/g—1/p+¢e < 0, we have

M

5 ()

z€R

[P 24 )27S
< M7 (@) g T | paey + 1(1/p = 1/g = )ap!/ VP (2)g ) | Lamy

T+1
T+1
< f‘éﬂsuH( >5x @) pa
> (71 ) Vi s () oo @)l
(T x
+1/p—1/q—c¢ ()\/[!pf/zsup JJH() @) 79 (2)]| e < o0,
(1/p—=1/ ); ’ sup|efle { 5 p= (@)l (@)l g

where in the last line, again we used ||f(7*”1)(x)||Lg < |[fllwga < oo. Thus we have ||g|ldecay <
0. O O



For the second term in (2.2), we introduce a suitable auxiliary function G and consider the
bound

(/ " 1) — AL @) pla) ) v

-T

-(/ " lota) [%(g)](x)ﬁ’dx)l/p

T
=g — In(g)HLT’([—T,T])
<|lg = Gllre(-1,17) + I1G = T (Gl Lo (=117 + 120 (G) = T (9) | Lo (=7, 1)) - (2.3)

Lemma 2.7 will upper bound the three terms in (2.3). For that, we need the following Lemmas 2.3
to 2.6.

Lemma 2.3 (Auxiliary periodic function and its properties). Let 1 < p < ¢ < 00, a € N and
T>0. For f e W, let g = " and define G - [T —d,T+d — R by

« [=T,T] 2 T
G(z) =g(x) - 2 @) (/ 97 () dy) : (2.4)

7!
T=1 -T

with an arbitrarily small d > 0, where BL_T’T]

7 on [-T,T], ie.,

denotes the scaled Bernoulli polynomial of degree

+T
B[7T7T] — (2T T*lB L
70w = 21y 1B, (Z

with B, being the standard Bernoulli polynomial of degree 7. Then, the auziliary function G
is (o — 1)-times continuously differentiable with G(*~Y) being absolutely continuous on [T, T],
and satisfies G (=T) = GU)(T) for all 7 =0,...,a — 1. Furthermore, the auxiliary function
G has its a-th weak derivative G\ in LI([~T,T]) which can be identified as a function over a
2T -periodic torus T([-T,T)) with

/ |G (2)|9 dz < oo.
T([-7,T))

Proof. The proof follows the strategy of [11, Lemma 4.1], where the case with p =1 and ¢ = 2
was proved. Recall that for 7,7" € Ny scaled Bernoulli polynomials satisfy

d'r’ B[_TvT] (I) 0 if 7 > T,
= Zr \) BT (4
a7 LN

(r—7")! —

and -
[—T,T] _ 1 lf T = 0,
/_TBT (z)dw {0 if 7 # 0.

From these properties we have

T T T T
) (z)dz = ) (z) dz — =TT () dae M (s)ds | =
[ cO@ar=[ g (/TBO <>d></Tg <>d> 0

forr=1,...,a. Since f € W1, g™ and G7) are absolutely continuous on (=7 — d, T + d) for
7=0,1,...,a — 1. By using the fundamental theorem of calculus, we now obtain

GO(-T)=GNT) for 7=0,...,a—1. (2.5)



Next, we note that G(® and ¢(®) only differ by the constant o= fTT g (y)dy on [-T,T). Since
[l e L%, we know g'®) is in L9([~T,T]). Due to matching boundary values G(*~1(=T) =
G@~1(T) and absolute continuity of G®=Y on (=T —§,T + §), we have |G| o (r(—177)) <
0. O O

Lemma 2.4 (Norm estimate on bounded intervals). Let 1 < p < ¢ < 00, a € N, a < b and
e €[0,q—p). Then

lgllwes(as) < Cpaae p”P @ flwes,

where ¢ = mingepq 4|/

Proof. We have

a b 1/q
ol O] = (/) m)l"dx>
lgllsqiasy (Z/g ) (Z/| P
a q 1/q
<Z< = (3) oA e () o dx>

7=0
q 1/q
dx)

f“ Y(@)|p(x)d ) '
\Fp 6/2He(\/ﬁ)p(q—p 6)/1)( )

b 1/q
<) [ 150 0(e) dx>

where we used the facts that H,(-/,/p)p'?P~°)/P is bounded on the real line and that p(z) is
decreasing in |z|. O O

=0

£50) ([l el

<33 (1) (o
=33 ()(

7=0£=0

&

fp—é/QHé( ) (g— p)/p
VD

sup
z€(a,b]

< Cpgae 7P g,

For obtaining trigonometric interpolation error on [—T,T], we make use of results from
trigonometric interpolation on [0, 27]. For that sake, we need the following estimate for the effect
of linear scaling St : [0,27] — [-T,T) given by Sr(x) :=Tx/n —T

Lemma 2.5 (Boundedness of |[g o S7||we.a(o,2+))). Let 1 <p<qg<oo,a €N, and f € Wpnd.
For g = fp'/? we define h := g o Sp. Then, for T > 1 we have

12llwe.a(jo,27)) < OZJ:q,aTa_l/quHW,;”‘L



Proof. We have

& 27r 1/q
[Pllwe.a(o,.22)) = (Z |qu>

=070

«@ 1/q
(2 [TlaesnO@itas

=070

« 1/q
=(Z / (T/m) (67 o S >|qu)

=0
< Cq,aTail/q||9HW“>‘1([7T7T])-
The claim then follows from Lemma 2.4 with a = =T, b =T, and € = 0. O O

Lemma 2.6 (L? interpolation error for periodic functions). Let 1 < p < g < 00, a € N, and
[ € Wi, Define g = fpY? and an auziliary periodic function G as in (2.4). Then

1

IG = Zo (G|l Lo(=111) < CpigiaT TP £y

Proof. The result by Temlyakov [32, Theorem 2.4.4], where the interpolation operator is denoted
by I,,, applies to our setting. Therein, the function space considered is defined via convolution
kernels, but the norm equivalence to periodic Sobolev spaces

W4(T[0,2m)) = {f | f € W*4([0,2x]), f(0) = f(27) for T =0,...,a — 1}
is shown in [34, Theorem 2.7]. Hence, by letting St (z) := Ta/m — T, [32, Theorem 2.4.4] leads to

1
IG o S = Zn(G o Sr)llwea(ro,2m) < CpgallG o Stllwan(ro2m)

Further, by Lemma 2.5, the above error is bounded by

_ 1
< Oy TV fllwpn =

p,q,x

At the same time, since St is a plain linear scaling, we have

m\1/p
IG o S1 = Tu(G o St)l oz = (7)) 1G=Za(@luscr.r)-

Thus we have proved the claim. O O

Lemma 2.7 (Error bound on [T, T] for Af). Let 1 <p < q < oo, « € N, and f € W1,

Choose € € (0, %) arbitrarily. Then the approzimation error on [—T,T] by the algorithm Al is
bounded by

T v 1/p
If = AL (A ez e = (/_T ‘f(x)pl/p(ﬂc) —In(fpl/p)‘ dx)

< Cl”fHW;‘vQTa_l/qul/pn_a
+ Cz“fHW;‘vq (Inn) max{1, (QT)aflJrl/p}ein27

where the constants C1 and Cy do not depend onn or T.



Proof. From Lemma 2.2, we know that for g := fp'/? the quantity

|9llaecay = Slelﬁ pl/qfl/ers(z)g(T)(z)
TE{Oa:...,a—l}

is bounded. As mentioned above, we consider the following bound:

If— AIL(f)HL{,’([—T,T]) = |lg — ZngllLr(—7,11)
<\lg = Gllzo-r)) + G = Zn(G) | Lo(—7.1)) + 1 Z0(G) — L) | Lo ((—7.7))- (2.6)

For the first term in the last line of (2.6), we have
T
| a7sas
-7

BETT ) e 1 oT)\ /e | (T
[ (@)l (=r,1) (2T) / g™ (s)ds
-

—-T,T
IBE T @) | oo

7!

«@
lg = Gllr -z <
T=1

[M]»

ot 7!
o T
<> ery | [ g as
T=1 =T
_ _ (a=p)/pa—ep2
< amax{1, (2T)* "/} g|laccay Cpq.c € T, (2.7)

LT

7!

where in the penultimate line, we used |2 ) | < (ZT%PI for x € [T, T]; see [25, Equation (6)]
or [16].

We proceed to the third term. We have

1Zn(g — G)HLP([—T,T])
<|Zulleq-r.m= (-1, 19 = GllLr (=117

_ (qu)z/qus T2

< Tl ot - o (-7 max{1, (2T)* P} || gllaccay Cpoq.c (2.8)

Now the operator norm of the interpolation, from continuous functions to LP, can be bounded
using the Lebesgue constant A,, for trigonometric interpolation by

T+4 2lnn
| Znll (== e (=1, < 2TA, < 2T ( + ) 7

m m

where this explicit constant here can be found, e.g., in [28, Theorem 2.1], or we refer to [6] as an
earlier result.
For the second term in (2.6), we know from Lemma 2.6 that

16~ Za(G)llzo(ior,m1) < CpgaT* T2 flugn (2.9)
Summing up all three terms, (2.7),(2.8), and (2.9), we obtain the error bound
1F = AL g
< O T Ya+l/pp=a | 0y(Inn) max{1, (27) 11/}~ T2
Hence we proved the claim. O O



Lemma 2.8 (Error bound on tails). Let 1 <p<g<oo, « €N, and f € Wy, Set g = fpl/r
Choose € € (0, Z2) arbitrarily. For the error outside the interval [T, T], we have

1/p
[ U@P pa)dn) < Cppe gl 777 € T
R\[-T,T] '

pq
Proof. Let r:=1/p—1/q — e > 0. Using Lemma 2.2 we have

1/p —rz?/2 p L/p
e
( / 9(@) dx) s( / (ngndecay) dw)
R\[-T,T] R\[-T,T]

\/27TT
o [ germez \P
< 19l decay T . dz

W
1/17 1/
= ”g”decay <p G_TpTz/Q) = e—rT2/2.
rpT\/ﬁ (rpT)l/p\/%
This proves the claim.

O O
Theorem 2.9 (Error bound on R for Af). Let 1 <p<g<oo,a €N, and f € W, Choose
e € (0, L2F) arbitrarily. Set the cut-off interval [T, T] with

1
T= \/2a (q_p - 5) Inn. (2.10)
pq

Then, for any integer n > 2, the approzimation error on R by the algorithm Al is bounded by

I = 4Dz = ( [ o2 - T, a0) "

(Inn)2
fllwea =
n

Proof. We consider the error bound (2.2). With our choice of the cutoff interval, Lemma 2.7 tells
us that

T 1/p
( | 1@ =@l ole) dm>

< Ci(nm)FH B0 4 Cyllnm) AT

+3+55
S CP#LQ,S'

here we used the fact that T is always bigger than 1 for n > 2, since 0 < % — ¢ < 1. For the
error outside the interval, using Lemma 2.8, we obtain

1/p
( / F@) p(a) dx)
R\[-T,T]

_ (a=p)/pa—cp2 _
< Cpge l|9lldecay € T < Cp.q.e 19/ldecay ™
Therefore, the total error is bounded by

a1 1
1 = ALz < Cpgacellfllwga(nn)F2Fzone. O
Thus we have proved the claim.

10



Remark 2.10 (Periodic auxiliary function G). This proof strategy of introducing the auxiliary
function G can be applied to other algorithms or problems. Let us elaborate this part here.
Consider an abstract problem of approximating a linear operator or a linear functional S : H; —
‘Ho by a linear algorithm A,, : H; — Hso. This is a typical setting in information-based complezity,
see, e.g., [24, Section 4.4]. Then, the error has the following upper bound for any g € H:

15(9) = An(9) 1, < 115(9) = S(G) o, + [15(G) = An(G) I, + [|4n(G) = An(9) 21,
=15(g = Gllaz + [19(G) = An(G) o, + [[An(G = 9) I, (2.11)

This strategy is first used in [25] for a multivariate integration problem in which S(g) = [;. g(x) dz
and A, is a specific quadrature rule, called a scaled rank-1 lattice rule. Therein, the first error
term in (2.11), ||S(g — G)||#,, happens to vanish due to properties of the integration functional.
However, as we have seen, this term can be bounded just like the third term || A, (G — g)||n, for
general linear algorithms.

In Theorem 2.9, the choice of the cut-off parameter T' depends on the smoothness « of
the approximand. However, this information may not be available in practice. Following [11,
Corollary 4.4] and [8, Remark 3.11], one can replace « by a slowly increasing function ~(n) such

e 1 1
—a stots;,

as max(In(Inn),0), and still achieve the convergence rate n=%, up to a factor (y(n)Ilnn)

Corollary 2.11 (a-free construction). Let assumptions of Theorem 2.9 be satisfied. Choose € €
(0, %) arbitrarily. Choose a non-decreasing function y(n) : N — R satisfying lim,,—, o y(n) = oo,
and set the cut-off interval [—T,T) with

Then, for any integer n > v~ 1(a) := min{m € N | v(m) > a}, the approzimation error on R by
the algorithm A} is bounded by

IIf— AIL(f)HLg = (/R ‘g(m)pl/p(ac) —In(gpl/p)‘p dx) 1/p

y(n)Inn
< Cpgel Flg L)

a 1 1
2t3t3,

Remark 2.12 (Computational cost). As mentioned in Introduction, the computational cost
and memory usage of an FFT implementation of algorithm A are only O(nlog,n) and O(n),
respectively. The advantage of the method is mainly this cheap cost of construction. However,
when the evaluation of the approximand function f is much more expensive, one may wish to
have the optimal convergence rate including the logarithmic factor, at the sacrifice of cheap
construction. In such a case, we propose the optimal algorithm described in Section 3.

Remark 2.13 (Higher dimensions). For multidimensional settings, where the tensor product of
one-dimensional Gaussian Sobolev spaces or the dominating-mixed smoothness is considered, it
is possible to extend our algorithm in such a way that the construction cost is still O(nlog,n).
One possibility is using rank-1 lattices as interpolation nodes, e.g. [18, 20, 31, 30]. However, the
convergence rate of approximation algorithms based on rank-1 lattice points deteriorates at least
to n=/2 for periodic functions [2], and thus unfortunately it is not possible to obtain the same
rate n~*. Another possibility is the fast Smolyak construction [9] combined with our algorithm
Al which may attain the optimal rate up to a logarithmic factor.

11



3 Spline algorithms

In this section we consider a more refined decomposition of the real line. By partitioning the line
into intervals of unit length and having the number of points placed within each interval decrease
exponentially fast as one moves away from the origin, we construct an algorithm that attains
the optimal rate n=* in W% when ¢ = 2. Naive version of this construction based on solving a
linear system [see (3.7)] requires O(n?) computational cost, and is similar to (and inspired by)
those used in [3] and [10, Section 3]. Faster computation is possible in some special cases that we
do not discuss here.

3.1 Generic results

Let W*4(I) stand for the standard unweighted Sobolev space on an interval I. That is, each
element of this space is « times weakly differentiable on I and the weak derivatives are in L4(T).
For each v € N, let AL1: W*4(I;) — LP(I;) be an approximation to f € W*4(I;) based on v
function values on the interval I; = [0, 1]. We may interpret AL!(f) as an element of LP(R) that
vanishes on R\ I;. We assume that there are positive constants Cy and 3 independent of f or v
such that

1f = A (D)o < Cov® | fllwes) (3.1)

for all f € W*9(Iy) and v € N. Let I, = [k — 1, k] for k € Z. By straightforward translation we
obtain algorithms ALK : W4(I,) — LP(I;) such that

1 = A (D)l oy < Cov ™| fllwawa iy (3.2)

for all f € W*4(I;) and v € N. For m € N and vq,...,v,, € Nwe set n = 2(v; + -+ + V).
Moreover, set v_j = vg. Define the algorithm A : W/f“’q — Lg that uses n function values to
approximate f € W7 via

AL(f)y=pt7 Z AF(gr),  where g, = fln.p*'P. (3.3)

0<|k|<m

Note that A (f) vanishes on R\ [-m,m]. We shall show that A inherits the convergence
rate (3.1) of ALY if m and vy, ..., v, are selected properly.

Proposition 3.1 (Generic error bound). Let 1 <p<g<oo,a €N, and f € W2, Then there
are positive constants C and &, which do not depend on m or vy,...,Vm,, such that

If = An(F)llz < C<Ze5’“2vﬁ +e5m2>-
k=1

Proof. The proof is similar to those in Section 2. The error decomposes as
1/p
If = AL (Dllzy < lge — ALE (i)l o1y + </ £ (@) p(x) daf) :
0<|k|<m R\[—m,m]
Let € € (0, 2°F). Then Lemma 2.8 bounds the tail term as

_(la—p)/pg—c 2
2

/ (@) Pp(z) dz = / ()P 2 < Cp g9l decny €~ “H
R\[—m,m] R\[—m,m]
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where g = fp'/? and ||g||decay is finite by Lemma 2.2. The error bound (3.2) and Lemma 2.4 yield

lgx — AE’f(gk)Hm(Hk) < COV]g_ﬁ”gk“Wavq(Hk) < CoChograe PP (JK| — 1)V;C_B||fHW,;*~‘1~

The above bound does not depend on the sign of k because we require that v_j, = v. Hence
there are positive constants C' and ¢ such that

If = An(F)llz < C<Ze5’“2vﬁ +e5m2>,
k=1

which completes the proof. O O]

Theorem 3.2 (Error bound for exponentially decaying points). Let 1 < p < ¢ < 00, a € N,
and m € N. Set v, = 2m~% for k = 1,...,m. Then the algorithm A} defined in (3.3) uses
n =2(2™ — 1) function values and satisfies

If = A5 (Plley < On™P
for any f € W1, where the constant C' does not depend on n.

Proof. The algorithm uses n =2Y"" v, =23 /", 2™~k =2(2™ — 1) function values. Proposi-
tion 3.1 yields

If = A5y < C ( S e 6m> _¢ (2—1% So g e_5m2> |
k=1 k=1
Since 3742, e 28k < o0 and e 0™ decays faster than 277 as m — oo, the claim follows from
27 < (2" = 1) = (n/2)~".
O

To attain the optimal rate n=* in W7 we need to exhibit a linear algorithm ALY that

satisfies (3.1) for 8 = a. It is well known that for any p,q € [1,00] and v € N one may construct
an algorithm ALl that uses v function values and has the error bound

IF = A5 (Pll o) < Cov= Y519 | Flyyangs (34)

for all f € W*4(Iy), where (z)+ = max{0,z}. See, for example, Section 1.3.11 in [22] or [14, 23].
Because we assume that 1 < p < ¢ < 0o, Theorem 3.2 and (3.4) yield the following corollary,
which gives the known upper bound on approximation error in W4 [3, Theorem 3.3].

Corollary 3.3 (Convergence rate for sampling recovery). Let 1 <p < ¢ < oo and a € N. For
each n € N there is a linear algorithm of the form (3.3) that uses n function values and satisfies

I = AL (Dllzy < Cn",

for any f € W1, where the constant C' does not depend on n.

13



3.2 Spline smoothing

The construction of an algorithm AL! satisfying (3.4) is particularly simple when ¢ = 2, in which
case W*1(I;) is a Hilbert space.

Definition 3.4 (Spline smoother). Let W(I) be any Hilbert space that is norm-equivalent to
WO"2(H1) and let 0 <y <--- <z, <1 be points on I;. For any A > 0, the minimiser sy, » of

v

D Lf () = s@)]* + Mlsllfa,) (3.5)
i=1
among s € W*?2(I;) is unique. This minimiser is called the spline smoother to f at xq,...,x,.

Because a > 1, the Sobolev embedding theorem ensures that W2 (I;), and thus also W (I;),
is continuously embedded in the space of continuous functions on I;. It follows that for each z € I
the point evaluation functional f — f(z) is continuous on W (I;). By the Riesz representation
theorem, for each = € I; there is a representer £, € W(Iy) such that f(z) = (f, Le)w,) for every
f € W(ly). Using these representers we may define the reproducing kernel of W (I ) as

K(z,y) = (lx, by)w,)-

This kernel is positive-semidefinite and satisfies f(x) = (f, K(-,2))w,)-

Some reproducing kernels are available in closed form. The full scale of Sobolev spaces (also
those of fractional order) is reproduced by the class of Matérn kernels popular in machine learning
and kriging [26, 29]. Let { be a positive scaling parameter and C, the modified Bessel function of
the second kind of order . The Matérn kernel K, of order v > 0 given by

(e () i

is a reproducing kernel for a space W, (I;) that is norm-equivalent to W*?(Iy) for a = v+ 1/2.
The curious coefficients /2y and 2'77/I'(y) ensure that K., tends pointwise to the Gaussian
kernel exp(—(z — y)?/(21?)) as v — oo. The norm-equivalence of W, (I;) and W*2(I;) can
be verified as follows. It goes back at least to the work of Kimeldorf and Wahba [12] that a
positive-semidefinite kernel of the form K(z,y) = ®(Jz — y|) for : R — R that is continuous
and integrable is a reproducing kernel of a Hilbert space whose squared norm is proportional to

/ Flw)? B(w)
R

where f and ® are the Fourier transforms of f and ® (see also Theorem 10.12 in [36]). Suppose
that @ = v+ 1/2 is an integer. Because the Fourier transform of the function ®, in (3.6) is
proportional to (¢ + caw?) ™ F1/2) for positive ¢; and ¢y [36, Theorem 6.13], the space W, (R) in
which K, is reproducing on R has the squared norm

112, /|f 2oy + ety = 3 ( ) e T/|f 2w du
0

=

- (0%
_ O T |f7-) |2d
) [

where f(7) denotes the 7-th order weak derivative and we have used the binomial theorem and
Parseval’s identity. This norm is equivalent to the norm of the standard Sobolev space W®2(RR)

K’Y(I7y) =
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and by taking a restriction of W, (R) on I; we obtain a space W, (I;) that is norm-equivalent to
VVO"2 (Hl)

When one has access to the reproducing kernel K of W(I,,), constructing the spline smoother
is straightforward, though not necessarily computationally convenient. It is a standard result [35,
Section 1.3] that the minimiser of (3.5) takes the form

srua(z Zal X, L) (3.7)

The coefficients @ = (a1, . .., a,) are the solution to the linear system (K, +AI,)a = f, of v equa-
tions, where K, = (K(x,;)); j—1, I, is the v x v identity matrix and f, = (f(z1),..., f(z,)).
In learning theory this result is known as the representer theorem [27]. Note that this linear
system has a unique solution when A > 0 because the matrix K, is positive-semidefinite. Let
h, = max;—o, .. ,|x;iy1 —2;|, where we use the convention xy = 0 and z,+1 = 1. By Proposition 3.6
in [37] (see [1] for additional results), there is a positive constant Cy independent of f € W®2(I;)
and the points x1,...,x, such that

1f = stualle@) < Cohgllfllweza,) (3.8)

if 1 <p < 2and XA < v~2% This estimate provides an optimal rate of convergence for the following
spline smoother based algorithm. Namely, suppose that 0 =z, 0 < z,1 <+ <@, < Ty py1 =1
for each v € N and
sup max v |y 541 — Tui| < 00. (3.9)
I/eN l SV

For example, the equispaced points .
i

Tvii = v+1
satisfy (3.9) since v |2,,i41 — 2u:| = v/(v +1) < 1. Set A\, = v~2* and let sy, », be the spline
smoother to f at the points x,1,...,2,,. When
AGHS) = 850 (3.10)

the algorithm A’ in (3.3) is a sum of 2m spline smoothers and uses n function values.

Corollary 3.5 (Convergence of a spline smoother algorithm). Let 1 <p <2 < q and o € N. Let
m and vy,. .., vy, be as in Theorem 3.2 and AL as in (3.10). Then the algorithm A% defined
in (3.3) uses n = 2(2™ — 1) function values and satisfies

If = AL (Pllez < Cn™®
for any f € W1, where the constant C does not depend on n.

Proof. Because the Gaussian density function p defines a finite measure on R, we have L C L2
and consequently W7 C W=, 2. The claim then follows from (3.8) and the fact that for pomts
that satisfy (3.9) we have h, < Cpn~! for a positive constant Cj, independent of v. O O

In fact, the smoothness of the Sobolev space that is used to construct the spline smoothers
5., does not have to coincide with the smoothness of f. It is a consequence of the escape
theorem of Narcowich, Ward and Wendland [21, Theorem 4.2] that the estimate (3.8) remains
valid even when the Hilbert space W (I;) is norm-equivalent to W%2(I;) for & > «. From this we
obtain the following corollary similar in spirit to Corollary 2.11.

15



Corollary 3.6 (Misspecified smoothness). Let & > a and consider the setting of Corollary 3.5
but suppose that the spline smoothers sy, x, are constructed using a Hilbert space W (1) norm-
equivalent to W*2(I,,). Then

If = ALy < Cn™

for any f € W1, where the constant C' does not depend on n.

Remark 3.7 (Fractional smoothness). Because the results in [1, 21, 37] that we have used apply
also to fractional Sobolev spaces, Corollaries 3.5 and 3.6 generalise to the fractional setting if the
weighted Sobolev space W4 is defined appropriately for a ¢ N.

Remark 3.8 (Higher dimensions). By replacing the unit intervals I, with suitably selected unit
cubes as in [3], Corollaries 3.5 and 3.6 could be generalised also to the d-dimensional weighted
isotropic Sobolev space W;‘”(Rd) consisting of all functions whose Gaussian-weighted mixed
weak derivatives of total order at most « are g-integrable. The estimate (3.8) remains valid
when I is replaced with a d-dimensional unit cube ]Iﬁl and h, with the d-dimensional fill-distance
MaX e min;—1 || — «;||, where ||-|| is the Euclidean norm.

4 Optimality

We conclude this paper by discussing optimality, i.e., general lower bounds for algorithms which
are based on function values. For p < ¢, the optimal rate is derived by Kuo, Plaskota, and
Wasilkowski [15, Theorem 3]. They consider a more general class of weights, which is applicable to
ours. Their result states that the error of any algorithm A,, that only uses n function evaluation
has the lower bound

sup  |f = An(Hllzz = Cpgan™®,
fewea

a<1
Hfl\wpa a<

for 1 < p < g. In this sense, our methods achieving error convergence n~“ are optimal. In the

same paper, they propose a piecewise Lagrange approximation that achieves the optimal rate [15,
Theorem 2].

Even though our algorithms do not cover the extreme case p = ¢, this has been recently
studied by Diing [5, Theorem 3.4]. In this case the optimal rate degenerates to n=%/2. Ding [5]
also covers extreme cases, such as ¢ = 1 or ¢ = oo, deriving the convergence rate n~/2+(1-1/p)/2
for ¢ =1 and n=*/2t1/(2P) for ¢ = co. These rates can be achieved by his B-spline algorithms 5,
Theorem 2.2 and 2.4].

In this paper, we focused on implementable and efficient algorithms achieving the optimal
approximation rate. In practice, we often do not know the smoothness « of the target function
and we have access to only function values. We explored the case when « is not known exactly
in Corollaries 2.11 and 3.6. It is an interesting question of whether optimal algorithms can be
constructed for the extreme cases of (p, q) without knowledge of a. We leave this to future study.
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