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Abstract

We consider linear approximation based on function evaluations in reproducing
kernel Hilbert spaces of certain analytic weighted power series kernels and stationary
kernels on the interval [—1,1]. Both classes contain the popular Gaussian kernel
K(z,y) = exp(—3e°(z — y)?). For weighted power series kernels we derive almost
matching upper and lower bounds on the worst-case error. When applied to
the Gaussian kernel, our results state that, up to a sub-exponential factor, the
nth minimal error decays as (/n)"(n!)"'/2. The proofs are based on weighted
polynomial interpolation and classical polynomial coefficient estimates that we use
to bound the Hilbert space norm of a weighted polynomial fooling function.

1 Introduction

Let K:[-1,1] x [-1,1] — R be a positive-semidefinite kernel on the interval [—1,1]
and H(K) its reproducing kernel Hilbert space equipped with inner product (-,-)x and
norm ||-||x. This space consists of certain functions defined on [—1,1]. Properties of the
kernel determine which functions are contained in H(K). For example, if K is m times
differentiable in both arguments, all functions in H(K) are m times differentiable; if K
is analytic, H(K) consists of analytic functions [39, Sec. 2.1]. In this paper we study
approximation in H(K) when the reproducing kernel is analytic and obtain reasonably
tight upper and lower bounds on three types of worst-case errors.

Let ||-||, denote the LP = LP([—1,1])-norm and let x4, ..., 2, € [—1,1] be any points.
We assume that we have access to function evaluations at these points, a type of data
known as standard information. Firstly, we study the minimal worst-case error

min
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of linear approximation given standard information at the points. Secondly, we consider
the nth minimal error
n
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which is the smallest approximation error that can be attained with n function evaluations.
Finally, we also study the pointwise worst-case error

ez | zy,...,x,) = inf sup (@) = Do )kl
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(1.3)

which only tells us about the error at a single fixed point « € [—1,1]. The pointwise worst-
case error equals the power function in the radial basis function interpolation [40, 48|
and the posterior or kriging variance in Gaussian process modelling [35, 41, 43]; see also
Section 4.2. The original motivation for this work was to obtain bounds on the pointwise
worst-case error that could be used to derive asymptotics for covariance kernel parameter
estimators in Gaussian process modelling in a manner similar to [15].

We are in particular interested in the Gaussian kernel K (z,y) = exp(—3&2(z — y)?),
where € > 0 is a shape parameter, and its Hilbert space. Although strong arguments
have been made against its use in applications [43, p. 30], the Gaussian kernel remains
popular, especially in machine learning [35, p. 83]. We study two classes of kernels that
both contain the Gaussian kernel: weighted power series kernels given by

K(z,y) = p(@)p(y) Y o aky* (1.4)
k=0

for a suitable function ¢: [—1,1] — R and positive coefficients ay, and stationary kernels
defined by a positive-semidefinite function ®: R — R via

K(z,y) = ®(z —y). (1.5)

The Gaussian kernel is obtained by setting aj = 2! and ¢(z) = e~25*" in (1.4)
or ®(z) = exp(—3£22?) in (1.5). How fast the coefficients aj blow up or how fast the
Fourier transform of ® tends to zero at infinity determines how smooth these kernels and
their Hilbert spaces are. It would be natural to consider these kernels and approximation
in their Hilbert spaces on the entire real line, rather than on a bounded interval as we do.
However, the techniques that we use exploit the properties of polynomials on bounded
intervals and do not extend easily to other cases.

In Section 3 we prove that the worst-case errors in (1.1)—(1.3) decay as an'/?, up to
an exponential factor, when K is a weighted power series kernel in (1.4) whose coefficients
blow up factorially or faster. In Section 4 we prove analogous lower bounds when K is a
stationary kernel in (1.5) defined by ® whose Fourier transform tends to zero sufficiently
fast. Our main results are Theorems 3.1 and 4.1. By applying Theorem 3.1 to the
Gaussian kernel we obtain the following result.

Theorem 1.1. Let K (z,y) = exp(—3&*(x — y)?) be the Gaussian kernel, p € {2,00},
and ¢y, and my, the functions defined in (3.30) and (3.31). If x1,...,2, € [—1,1] are
distinct, then

n
Clp (;) (n!)fl/Q < e;“i“(xl, s Zn) < c2p n~Y/8=1/peevn (25)”(71!)71/2, (1.6)

cl,p(;> (n) 712 < epit(n) < 2cQ,pn—1/Sefﬁ<;) (n)1/2, (L.7)
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where the lower bounds hold when n > 1 and the upper bougzds when n > mpg(g?), the
constants c1,00 and ci 2 are obtained by setting Ymin = e"2¢ and A\ =¢e2 in (3.9), and

2,00 = Ver(e2) and ca 2 = V2cp (2).



The constant coefficients in the bounds could be slightly improved but we have opted

for simplicity over optimality. The most remarkable feature of these bounds is that (1.7)

shows that the rate of decay of the nth minimal error is controlled by the shape parameter

€. That is, _ .
min min
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where the additional subscript indicates dependency on the shape parameter of the

Gaussian kernel. To understand how estimators of the parameter ¢ behave in Gaussian

process regression it is crucial to have results such as (1.9). For example, the maximum
likelihood estimate of e given data (i.e., function evaluations) at points x1,...,x, is

— o0 if € > ¢/, (1.9)

€, = argmin {DF(e | z1,...,z,) + MC(e | z1,...,2n) },
e>0

where the former term is a data-fit term that depends on the function evaluations and

the latter a model complexity term that depends only on £ and the points. The model
complexity (we do not discuss the data-fit here) can be written as

n
MC(e | 21,...,2pn) = QZloge?in(xi | z1,. .., 2i—1),
i=1

where the first summand is the logarithm of the pointwise initial error at x; and the
e-dependency is made explicit [15, Sec. 2.3]. Precise control of the pointwise worst-case
error with respect to € is therefore essential in order to figure out how £, behaves as
n — oo. To the best of our knowledge, no result resembling (1.9) has been proved for
the Gaussian kernel or its relatives that we study. In a paper that has regrettably gone
unnoticed outside of Gaussian process literature, Yarotsky [49] has proved a lower bound
on the pointwise worst-case error that is slightly better than (1.8). However, his upper
bound is looser than ours. We review Yarotsky’s result in more detail in Section 4.2.

Upper bounds on the Gaussian and other analytic kernels abound in the scattered
data approximation literature. These are usually expressed in terms of the power function,
which is nothing but the pointwise worst-case error e™®(z | x1,...,x,). Typical results
for the Gaussian kernel state that, for any 1 < p < oo and some constants ¢ and -,

le™n (.| 1,.. xn)l, £ ce mloen — cp=n (1.10)
if the points 1, ..., z, are sufficiently uniform on [—1,1]; see [48, Thm. 11.22] and [37,
Thm. 6.1]. Bounds for various weighted power series kernels with ¢ = 1 may be found in
[52, 53]. Because (1.10) is a special case of a bound that holds for the Gaussian kernel
defined in any dimension and is proved by means of local polynomial reproduction [48,
Ch. 3], the constant = is rather complicated. For equispaced points on [—1, 1] one may
compute that v < 1/48 [19, Sec. 4.2], which gives an extremely sub-optimal rate since
Stirling’s formula shows that all bounds in Theorem 1.1 are, up to exponential factors,
of order n="/2. Although apparently absent from the literature with the exception
of [19], it is difficult to believe that upper bounds of order n~"/2 are not part of the
folklore of the field because, as we shall see in Section 3.4, proving them in dimension
one via polynomial interpolation is a simple exercise. Connections between polynomial
interpolation and interpolation with translates of the Gaussian kernel have been explored
in the fascinating papers [32, 33]. Moreover, recent years have seen a host of results on
approximation and integration in the Hilbert space of the Gaussian kernel when error is
measured in the Gaussian-weighted L?-norm over R? [4, 6, 7, 17, 18, 20, 21, 25, 26, 42].
Results on covering numbers and regression rates for the Gaussian kernel may be found
in [5, 24, 45, 47, 50, 51]. Closely related Hermite spaces have been studied in [10, 12, 13].



See also [1] for optimal rates of integration in the Hardy space of analytic functions
that is obtained by setting ¢ = 1 and aj, = r2* for r # 0 in (1.4). Chapter VIII in [31]
reviews various results on n-widths of spaces of analytic functions.

Our upper bounds are based on weighted polynomial interpolation, bounds on
Laguerre polynomials, and the standard error estimate for polynomial interpolation. We
use the standard fooling function technique to obtain the lower bounds (see [23] for some
commentary on this technique). That is, for a set of n points we construct a function
fn € H(K) that vanishes at these points, so that the approximations in (1.1)—(1.3)
are identically zero and the worst-case errors are bounded from below by || fn|lp/| fnll &
or |fn(z)|/|fullx. The difficulty is then in estimating the H(K)-norm of f, from
above. If H(K) were a Sobolev space, this would be relatively easy as f, could be
constructed out of bump functions whose Sobolev norms are straightforward to estimate.
Because the spaces we consider consist of analytic functions, bump functions are out of
question. Instead, we select f,, as a weighted polynomial interpolant, a more or less trivial
construction. However, to estimate the H(K)-norm of such an f,, is not straightfoward.
To do this we use the classical Markov inequality on the maxima of the derivatives and
coefficients of a polynomial from 1892 and its L2-version by Labelle [27]. To the best
of our knowledge these results have not been used to bound worst-case errors before.
We begin by illustrating this technique in the particularly tractable setting of Korobov
spaces.

2 Prelude: Korobov spaces

Suppose that the reproducing kernel on [—1,1] is given by

7T1k?$ emk;y Trlktw e—ﬂ'lky
=2 =2 A
keZ \[ \[ kezZ \[ \[

for positive A;. Here Z stands for the complex conjugate of z € C. The reproducing
kernel Hilbert space H(K) is then [30, Sec. 2.1]

H(K) = { ch I = Z)\kck|2<oo}. (2.1)

kEZ keZ

1/2 Tilx 2 1/2 Trlk:x — 1]‘

Because (2 e =Rz dg = Sy, Where dgr 1s Kronecker’s

delta, the function 271/2 7”’” is the kth eigenfunction and A, ! the corresponding
eigenvalue of the integral operator Ty : H(K) — H(K) given by

(Tr f)(= / K(x,y)f(y)dy. (2.2)

If A\, blows up as |k|?*, the Hilbert space is a Sobolev space of periodic functions on
[—1, 1] with smoothness s, also known as a Korobov space. If A\ grow exponentially
fast, H(K) cousists of certain periodic analytic functions. The proof of the following
proposition is analogous to the proofs for lower bounds in Sections 3 and 4.

Proposition 2.1. If n is even and z1,...,x, € [—1,1] are any points, then
n/2 —1/2
oz (£ ) o
k=—n/2



Proof. Let a € (—1,1) be not equal to any of x1,...,z,. It is clear that the function
Eosin(in(z — x1))
I};[l sin(3m(a — zy))

vanishes at x1,...,x, and equals one at a. This function is a trigonometric polynomial
of order n/2 and has the form

n/2 mikx

fn(z) = Z Ckw (2.4)

k=—n/2
for some coefficients ¢; € C; see [54, Sec. 1 in Ch. X]. Parseval’s identity tells us that

n/2

1/2
||fn||2=< 3 |cﬂ) > el (2.5)

b=—n/2

for —n/2 < k < n/2. Consequently, the Hilbert space characterisation in (2.1) gives

n/2 n/2
Ifalde = D0 Melexl® < fall3 D A (2.6)
k=—n/2 k=—-n/2
Because f,, vanishes at z1,...,,, the function Y ,_, f,(zx)¢y is identically zero for

any 1y, € L2. Therefore (1.1) and (2.6) yield

R 1 1 A _( > Ak)‘“ -
y*r n iy - n 2 - .
Wl ™ [ full2(SR2 A2\

The purpose of Proposition 2.1 is only to illustrate our proof technique. It is well
known that square root of the nth largest eigenvalue of the integral operator (2.2) equals
the Kolmogorov n-width in L2, which is the smallest possible worst-case error in L? given
n pieces of linear information [28, Cor. 4.12]. If Ay, = A_j and Alk| is non-decreasing in
|k|, this implies the lower bound

eg‘i“(ﬂcl, N eglin(n) > )\;/12/2,

which is tighter than (2.3). In Sections 3 and 4 no such trivial lower bound is available
because we do not have access to the eigenvalues of Tk and the polynomial basis functions
we work with are not L2-orthonormal. Moreover, polynomial coefficient bounds of the
form (2.5) involve additional factors on the right-hand side, which complicates estimation
of the sum in (2.3).

It is not surprising that the above technique yields sub-optimal lower bounds: the
coefficient estimate (2.5) holds for all trigonometric polynomials, not just those that
vanish at x1,...,2,. That is, not all properties of the fooling function are exploited in
the proof and it would be unrealistic to expect a tight lower bound. However, what is
somewhat surprising is that such a crude technique nevertheless suffices for the almost
tight lower bound in (1.6) for the nth minimal error.

3 Weighted power series kernels

Let ¢: [-1,1] — R be a non-vanishing Lebesgue measurable function and (ay)72, a
positive sequence such that Z?;O a,;l < o0. It is easy to see that

K(z,y) = o(x)p(y) > ap taky* (3.1)
k=0



is a well-defined strictly positive-definite kernel on [—1,1] x [—1,1]. When ¢ =1, these
kernels are called power series kernels [52, 53]. Accordingly, we call any kernel of the
form (3.1) a weighted power series kernel. From (3.1) it follows that [30, Sec. 2.1] the
Hilbert space in which K is reproducing is

H(K) = {f(x) = gp(x)chxk SN = Zakci < oo}. (3.2)
k=0 k=0

That is, the rate of growth of ay determines how large H(K) is. We shall make two
assumptions. Firstly, we assume that there are positive constants i, and @max such
that

0< $Pmin S |§0(x)| S $Pmax < o0 (33)
for all z € [—1,1]. This is a very mild assumption. Our second assumption is that there
exists a positive constant A such that

k!
P yn—k (3.4)

Qay, n!

forallm > 0 and 0 < k < n. Implying that ap > apA~*E! for every k > 0, this
assumption is far from necessary to ensure that H(K) consists of analytic functions.
Why we employ (3.4) is related to deficiencies in the technique we use to obtain lower
bounds and is discussed in more detail in Remarks 3.3 and 3.7. Note that we have
not imposed any smoothness assumptions on the function ¢, the qualitative properties
of which play no role in our results. While a non-smooth ¢ yields a Hilbert space of
non-smooth functions, these functions are “morally” smooth, being products of a smooth
function and a known non-smooth function. It is necessary to include ¢ if our results
are to apply to the Gaussian kernel.

We are aware of four weighted power series kernels that have closed form expressions,
satisfy (3.3) and (3.4), and have appeared in the literature. Let ¢ > 0 be a shape
parameter. The Gaussian kernel

K)o (- 5220 - 0 (35)

is obtained by selecting aj, = £~ 2/k! and p(x) = e~2°2" The exponential kernel
K (z,y) = €*Y is obtained by selecting ay = e *k! and p = 1. Let 7 > 0. The analytic
Hermite kernel (or Mehler kernel)

1
K(x,y) = exp (— 562($2 + y2) + 72€2xy>

is obtained by selecting o, = (1¢) 2"kl and () = e~ 25", If 7 = 1, this kernel reduces

to the Gaussian kernel. But taking any r € (0,1) and setting 2 = 72/(1 — r?) and
72 = 1/r yields, via Mehler’s formula,

r2(x? 2y — g >k
K(z,y) = exp <— e +47) ~2 y) =v1i-r? Zng(w)Hk(y%
k=0

2(1 —r2)

where Hj, are the probabilist’s Hermite polynomials; see [14, Sec. 3.1.2] and [16, Sec. 5.2].
Finally, let Zy be the modified Bessel function of the first kind of order zero. The Bessel
kernel K (z,y) = Zo(2ey/7y) is obtained by selecting o, = e *k!? and p =1 [52, p. 64].

The bulk of this section is taken up by the proof of the following theorem that
provides upper and lower bounds on the worst-case errors in (1.1)—(1.3).



Theorem 3.1. Let K be a weighted power series kernel in (3.1) and p € {2,00}.
Suppose that ¢ and (ar)72, satisfy (3.3) and (3.4). Let ¢, and my, be the functions
defined in (3.30) and (3.31). If z1,...,x, € [=1,1] are distinct, then

c1p2 gt <M (g, 2) < oy max V3P A 20 12 (3.6)

C1p 2_”&;1/2 < eg‘in(n) < 2¢2 p Pmax n~1/8gVAn 2_"04;1/2, (3.7)
o L O [ R o _ S —1/2

Cloo 2 2a 12 < <ec n~1/8eVANG~1/2 3.8

1,00 n — ‘szl(x _ mk:)‘ = 2,00 Qomax n ( )

where the lower bounds hold when n > 1 and the upper bounds when n > my,(\),

2 ,L)\Q 2\/ 27T ,L)ﬁ
Cloo = — e 32 min and C = —F——=¢ 32 mins 3.9
b Visa 4 M 3e3V3(a 1 ) v (39)
and ¢z.00 = Ver(A) and ca 2 = V2er(N).

The lower bounds in Theorem 3.1 are proved in Sections 3.1 and 3.2 and the upper
bounds in Section 3.3. Section 3.4 applies the above theorem to the weighted power series
kernels mentioned above. Bounds on worst-case errors given derivative information are
derived in Section 3.5. Formally this corresponds to setting z1 = -+ =z, = a € (-1,1)
n (3.6). Some remarks on extensions to higher dimensions can be found in Section 3.6.

3.1 Lower bounds for approximation in L>°([—1,1])

min min

In this section we prove lower bounds on €™ (z1, ..., x,), e2i(n), and ™ (z | 21,...,2y).
The Chebyshev polynomial of the first kind of degree n is

n
Tn(x) = Z tn,kxka
k=0

where the non-zero coefficients are

L2V n(n -k —1)!

tnn-2k = (1) kl(n — 2k)!

for 0<k< V‘J (3.10)

Note that the leading coefficient, t,, ,, equals 2" 1. The roots of T}, are the Chebyshev
nodes

Ty | = COS (W(k_l/Q)> e(-1,1) for 1<k<n. (3.11)
n

The extrema, which are either 1 or —1, of T, on [—1,1] are located at
T = cos(mk/n) for 0<k<n. (3.12)

That is, T, (x) € [—1,1] for all z € [—1, 1]. For our purposes the importance of Chebyshev
polynomials lies in a classical result by V. A. Markov from 1892 (for a brief history, see [34,
p. 679]) and its generalisations [34, Sec. 16.3] that T,, has the maximal coefficients among
polynomials of degree n that take values in [—1,1]. Specifically [34, Thm. 16.3.3], if
P, (z) = Y j_, axx” is a polynomial of degree n with real coefficients ay, and | Py, (%, )| < 1
for every 0 < k < n, then

-1
lan—2k| + |an—2k—1] < [tnn-2r] forevery 0<k< {n 5 J (3.13)

The lemmas below use this result to estimate the H (K )-norm of the weighted polynomial

fal2) = @(x) Py ().



Lemma 3.2. Suppose that assumption (3.4) holds. Then for every n > 1 we have

[n/2]
2%, < Z an_thfLm_% < 122", (3.14)
k=0
where ) )
=7 and To = §€Tlf>‘>‘2. (3.15)

Proof. Equation (3.10) gives

[n/2] /2] - o\ 2
2 2 n— nn—
D An-aity nook = Qntr, Y~ ( )

k=0 k=0 n tn,n
— 92n-2,, ng Qn 2k n(n —k— ].)' 2 1
Ty (n — 2k)! 2akEI2”

Denote the sum on the last line by s,, and use assumption (3.4) to obtain the estimate
<“§JA2,€ 2k;l n(n—k—DN> 1 _L”fjb A2\ 1
n = (n—2k)l ) 2R 2= PF\16) R

n(n —k— 1)1
(n—D)!(n — 2k)!

It is straightforward to compute that b, o =1 for any n > 1 and b,;1 =n/(n —1) <2
for any n > 2. Furthermore,

where

bn,k =

b L _1)2
n,k _ (TL k 1) >1
bnk+1  (n—2k)(n—2k—1)

for any n > 2 if kK > 1. Therefore

n/2) A 1 132
=
Sp <2 E <16) PE] < 2167,

which gives the claimed upper bound. The lower bound follows from s,, > 1. O

Remark 3.3. From the proof of Lemma 3.2 we see that the purpose of assumption (3.4),
which states that

|
S (3.16)

o, n!

for every n > 0 and 0 < k <, is to ensure that the sum in (3.14) is dominated by the
highest order term a,t2 ,,. Suppose that oy = k!? for some B > 0 and note that (3.16)
is satisfied if and only if 5 > 1. Then

Ay — Qtnn 2 i TL2
ant? 16 nf(n—1)»

is bounded from above if and only if 8 > 1, which shows that for 5 € (0,1) the sum
in (3.14) is not dominated by ayt? ,



Lemma 3.4. The function fn(z) = o(x)T,(x) is an element of H(K). If assump-
tion (3.4) holds, then

112", < | fall% < 722",
for every m > 1, where the constants 11 and 1o are given in (3.15).

Proof. The claim follows from Lemma 3.2 and the Hilbert space characterisation in (3.2)
that gives || full% = S5 an-okt? o O

Lemma 3.5. Let P,(z) = > _,arz® for ax € R be a polynomial of degree n. The
function fn(x) = ()P, (z) is an element of H(K). If assumption (3.4) holds, then

I fall3 = Zakak 1+ X) 122", || Pl
k=0

for every n > 1, where the constant T2 is given in (3.15).

Proof. Because the polynomial @, = P, /|| Pn|/c has the coefficients ag /|| Pnl| s, we may
assume that || P,|| < 1. In particular, |P,(Zy )| < 1 for every 0 < k < n, where Z,,
are extremal points of T}, in (3.12). We get from (3.13) that

n—1
lan—2k| + lan—2k—1] < [tnn—2r] forevery 0<k< { 5 J

Furthermore, it is obvious that |ag| < [Pyl < tho = 1 when n is even. These
inequalities and the characterisation (3.2) give
[n/2] l(n—1)/2]
anHK_Zakak_ Z 21l oy + Z Qn k107 _op
L"/QJ (n—l)/QJ

IN

2 2
E an*thn,nfﬂc + E an*Qkfltn,nfmc'
k=0 k=0

From assumption (3.4) we get

[(n—1)/2] [(n—1)/2] 1 [n/2]
Z an72kflti’n72k <A Z man—%ti,n,% <A Z an72kti,n72ka
so that the claim follows from Lemma 3.2. O

With these tools at hand we are ready to bound the worst-case errors from below.

Proofs of lower bounds in Theorem 3.1 for p = co. Let Pp(z) = (x — x1) - (x — xp).
This is a polynomial of degree n that vanishes at the points z1,...,z, € [-1,1]. The
function f,(z) = ¢(x)P,(x) is an element of H(K) that vanishes at the same points.
Therefore Y ,_; fn(xx)r = 0 and thus

min

ey~ e sy M T S@e o Ml
T ) el o e /11 =l

The lower bounds in (3.6) and (3.7) for p = co now follow from Lemma 3.5 and

”anoo = sup [p(z)Pn(7)| > min ”Pn”oo

z€[—1,1]

Observe that || P, ||cc < 2™ since |z — y|< 2 for any z,y € [—1,1]. Therefore

n

i |fn ()] ¥Pmin Sﬂmm”P oo | 17
ez | X1y, > > (x —xp)| >
e = Tl 1L s | -
so that the lower bound in (3.8) follows from Lemma 3.5. O



3.2 Lower bounds for approximation in L?([—1,1])

min( min

In this section we prove lower bounds on ef'™(x1,...,z,) and e5"®(n). The technique is
identical to the one that we used for p = co. Define

2k — 1)!! ~(l(n—k)/2| +k+ 1
o= BB g (M MRS (3.17)

for any 0 < k <n. Here (2k — 1)!! = (2k — 1)(2k — 3) --- 3 - 1 is the double factorial and

(;) B r(rfl)ul;:!(rkarl)

the generalised binomial coefficient defined for any » € R and k € Ny. In this section the
constants [,, , play an analogous role to that played by t¢,, ,_2 in Section 3.1 because
Labelle [27] has proved an L?-version of the polynomial coefficient bound (3.13) that
involves I, x. Namely, if P,(z) = >_}'_,arz" is a polynomial of degree n with real
coefficients ay, then

lag| < i ||Pally,  for every 0<Fk<n. (3.18)

Equality in (3.18) holds only for certain sums of Legendre polynomials, but we shall not
use this fact. See also [34, pp. 676-7].

Lemma 3.6. Suppose that (3.4) holds. Then for every n > 1 we have

n
022", < Zakli,k < 1y2%q,,
k=0

where

~ 2ne2 2

1 27¢° A\
0 and 0y = =C <1+4)ewk2. (3.19)

Proof. For k > 1, the non-asymptotic Stirling’s formula,

Vornm /26 < pl < V2rpntl/2e L (3.20)
and the double factorial identity (2k — 1)!! = (2k)!/(2%k!) yield
2k — DI\ (2k)2 L oon€? k3 32,
(P) b= g+ H <P T R0 (3:21)
and ) )
(2k — )N 1 o 1 k+35 1 ok
— ) (k+35)>2""—- > <297, 22
< k! (k+3)2 ez kT 2me? (822)

It is trivial to verify that these inequalities hold also for k£ = 0. The definition of [, j
in (3.17) thus gives

(=R ke Ny 3¢ (L= R)/2) kg
ome? 2 ( L(n — k)/2] ) Shies 502 ( L(n — k)/2] >

Note that the generalised binomial coefficient equals one when |(n — k)/2] = 0, so that

1 2n — 1)1 > 3e2
e 7 Sl = () e <G

10



by (3.21) and (3.22) and k + 3 We now get

1
Zaklnk>annn—2 : O[n,

which is the claimed lower bound, and

n 2
Y outt ot 3 2 (24)

k=0 ln,n

n

2 1\ 2
< 32i -22nq a  3e” ome? - 97 2(n=k) (L(n —k)/2] +k+ 2)
i

n

k—o On 4T |(n—k)/2]
_ 9 2y ko (L0 —K)/2] +k+ 3 ?
I " on ? ( |(n—k)/2] )

Assumption (3.4) therefore gives

n

. AR (= k)/2) + k+ 1\°
Z‘“l LS5 W (1) w6

n!
k=0

We now show that the term

bn,k =

kU ([(n—k)/2] + &+ 1\°
n! < L(n = k)/2] )
is approximately (n — k)!. Denote p, = [(n — k)/2] and suppose that p, , > 1. Then
LN | R RNk
’ n! p(n, k)!2
IV e R R )
O N O

v=1
1 IPPe+k+d ISP e+k+ )
p(n, k)2 Hp("”“)(v +8)  IL v +F)
L DS wrk-35) pe k) rk+s IS @kt 3)
Orl 52"2% R LR N | O
1 p k) +k+d TS +k+))
~ p(n, k)2 k+1 Hﬁzﬁ(n 1V + k)
1 pmR)+k+d k+d PSP +E+ D
p(n, k)2 E+1 n H::ﬁ(n%k:)-l-l(y + k)

o3 IS etk
= p(n, k)2 Hn k(nlk)+l(y+k)

where the last inequality is a consequence of the inequalities (p(n, k) +k + 3)/n < 2
and (k+ 2)/(k+ 1) < 2. Now, in the second term on the last line, each term in the
denominator is larger than any term in the numerator and there are at least as many
terms in the denominator as there are in the numerator. Therefore,

3 3
p(n. k) [(n—k)/2]1

by i < (3.24)

11



if n — k > 2. By computing b, j in the cases k =n and k =n — 1 it is trivial to check
that this inequality is valid for any 0 < k < n. Using the estimate (3.24) in (3.23) yields

" 9¢b 2 A\"F 27¢6 A1
ZQ <7'22n n n bn < '22n n - T a0
S autin< g P d (7)< G 20X (5) g

k=0 k=0
278 " AN AN 1
< 920 2 1+2)—
= Tor 0‘"2(4) ( +4)k;!2

k
27e8 A
o (” 4)‘”1”2 .

IN

This completes the proof. O

Remark 3.7. Just as the proof of Lemma 3.2 (see Remark 3.3), the proof of Lemma 3.6
is based on the fact that assumption (3.4) ensures that the term a,l2 ,, dominates the
sum in (3.14). Suppose that aj, = k!P for some 3 > 0 and note that (3.4) is satisfied if
and only if 5 > 1. Then Stirling’s formula yields

anol} o ((n—z)!)ﬁ( (2n — 5)!In! )Qn— 2 <n— ;>2
anl? , n! @n—-1n-2)!) n+1 1
1 °1 n_ m-—3 1)2
(D) © et b

L oa-p)
16 "

as n — oo. That is, the ratio is bounded from above if and only if 8 > 1, which shows
that for 3 € (0,1) the sum in (3.14) is not dominated by a,l2 ,,.

Lemma 3.8. Let P,(z) = > ;_,axz” for ax € R be a polynomial of degree n. The
function f,(x) = p(x)Py(z) is an element of H(K). If assumption (3.4) holds, then

n
I fallke =D anai < 227" a |[Pall;
k=0
for every n > 1, where the constant ls is given in (3.19).

Proof. The characterisation (3.2) and inequality (3.18) give

n n
2 2
fallie = D awai < I1Pally Y anls i
k=0 k=0

The claim then follows from Lemma 3.6. [
With these tools at hand we are ready to bound the worst-case errors from below.
Proofs of lower bounds in Theorem 3.1 for p = 2. The proof is identical to that for the

case p = 00, except that we now use Lemma 3.8 to estimate || f,,| k- O

3.3 Upper bounds

To bound the worst-case errors from above we shall use weighted polynomial interpolation.
Upper bounds on derivatives of elements of H(K) are needed for this purpose. The

12



following results closely resemble certain results in scattered data approximation literature,
particularly in [52]. Define

2n

c = — K . 3.25
K wes[ulf 1] dvmown (,U’ 'U)) v=x ( )

w=x

Lemma 3.9. Let K be any positive-semidefinite kernel on [—1,1]x[—1, 1] that is infinitely
differentiable in both arguments. Then every f € H(K) is infinitely differentiable and

15 oo < I1f 115 (CRM?
for every n > 0.

Proof. Tt is well known that, for a kernel K which is n times differentiable with respect
to both of its arguments, every f € H(K) is n times differentiable and the reproducing
property (f, K(z,-))x = f(z) extends to differentiation [44, Cor. 4.36]. The Cauchy—
Schwarz inequality thus gives

@) =|( £ g K >>K]<|f||KH )

K
for every x € [—1,1]. Again by the derivative reproducing property,
on 2 82n
Z K(z. - - K
‘ 89:” (:E7 ) K 6’0”811)” (,ij) V=2
w=x
The claim follows. O

The Laguerre polynomial of degree n > 0 is defined as

“/n\ (—x)kE et "
Lo() =) (k) ( k!) =_. d7(e*mx”). (3.26)

n!  dx”
k=0

We make use of the following effective asymptotics for Laguerre polynomials from [3].

Proposition 3.10. Let x > 0. Define

en(x) = 2f;/f<3+\[ fx1/4 7 \/;;(2+x)>

and
2\? 9
ThL(z)zmax{Sx,x(1+2> ’x}'
Then
L (—g;)—zn: )2t < ép(x)n~V4e2VaEn (3.27)
T AV N '

for every n > my(x).
Proof. Setting a = 0 in Section 6.3 of [3] gives

L(ea) < o ey

(e
. 14—
~ 27 x1/4(n+1)1/4< +\/n+1
67%x+2\/5 e2Van
2/ LA /4 (

+& + 53,1)
(3.28)

1+C1+& +&1)

13



if n > max{mg, m1,...,mz}, where C1, &, €1 and mg,my,...,my are certain non-
negative constants. From the forms given for the constants m; on p. 3303 we see
that (3.28) holds if

2
T ) x 9
n > max{mgy,my,...,mr} = max{4,5:c,0, 4x,4x,x<1 + 2> ,x,()}

z\? 9
:max{5x,x(1+ ) ,}.
2 T

The constants C1, &1 and &3 1 satisfy (see pp. 3306, 3304 and 3294, respectively)

Ci < W +2va(1 + 2/2),

gl < 26—4v;c(n+1) +2\/7Trx1/4(n+ 1)1/46—2\/3rt(n+1)7
o2V TT)
gd 1> \/>$1/4(n + 1)1/4

The last two of these we may further bound as

St D) 2
gl S 2 + 2ﬁx1/4(n + 1)1/46_2 T(n"rl) S 2 + \/Z and 8371 S ﬁ’
T

where we have used the inequality 2y'/*e=2v¥ < e=1/2 for y > 0. O

Note that the rate in (3.27) cannot be improved because (3.28) is, in fact, not only
an upper bound but an asymptotic equivalence for L, (—z). The following proposition
is similar to the lemmas (in particular Lemma 3) in Section 5 of [52].! See also [53,
Sec. 6.4]. Define the unweighted kernel

y) = Z oy Ly (3.29)
k=0

Lemma 3.11. Suppose that assumption (3.4) holds and let R be the unweighted kernel
n (3.29). Then
CIZ%” <cr(N\) n71/4e2mo¢;1n!2

for every n > my(\), where

A2V
cr(\) = 2\/j>\1/4 (3+\f fA1/4 16\f \fA(2+A)) (3.30)

mr(\) —max{5)\,)\(l+ ;>2i} (3.31)

Tt seems that the eigenvalue bound used in the proof of Lemma 3 in [52] to estimate L, (—1) is
erroneous because a more careful argument for bounding the log-sum gives

and

1 n 1 1
E I 1+ — ) < I 1 dz = —1)1 1+—)—-=1 -1
k:log(+\/m)—/1 Og<+f) z=vntn )°g(+n> 2 8T

which implies that Ly (—1) = O(n~1/2e2V™), This contradicts the Laguerre asymptotics in [3]. Although
its proof is erroneous, the upper bound Ly (—1) < 2¢2V™ derived in the proof of the lemma in question
is correct (at least for sufficiently large n) in the light of [3] and our Proposition 3.10.

14



Proof. We compute
2 2
C# = sup Za ( ') k=nyh=n Za ( '>.
z=y€(-1,1] ;. = :

Assumption (3.4) yields

Z(<) “o s ()

i n+.k ((n;:!k)!)Q (3.32)

k=

E)!
= a_ln'Z)\k nl:Q .

From these computations it is easy to see that (set ap = A™%k! so that each inequality
becomes an equality)
a2n
e
dz"oy"

— i el Bt (3.33)

However, by (3.26) we have an alternative expression for the above derivative in terms
of Laguerre polynomials:

aQn
oz oy™ €

Azy )\n n )\y

Ayn
= e A"'nlL,(—\). (3.34)
52% dy"

y=1

Combining Equations (3.32)—(3.34) therefore yields
CE < e L, (— Ny, 'nl?
The claim follows from Proposition 3.10. O

Tt is useful, though not necessary for what follows, to observe that assumption (3.4)
and the analyticity ¢ ensure that H(K) consists of analytic functions. We refer to [38,
pp. 40-43] and [39, 46] for general discussion and results on analyticity in the context
of reproducing kernel Hilbert spaces. Results on analyticity and related properties for
kernels defined via Hermite polynomials may be found in [9, Sec. 3.1] and references
therein.

Proposition 3.12. Suppose that assumption (3.4) holds. If ¢ is analytic, then every
element of H(K) is analytic.

Proof. Without loss of generality we can assume that oy = 1. Then assumption (3.4)
implies that «,, > A™"n!. If f € H(R) for the unweighted kernel R in (3.29), Lemmas 3.9
and 3.11 yield

_ oy | AT n
1™l <UFIRC g 2 < I fllp €0y = < 1 fllg (CAV2)"Vd
< 1l (CAY2)"n)

for a certain positive C, which implies that f is analytic [22, Lem. 1.2.10]. Since the
mapping f — ¢f is an isometric isomorphism between H(R) and H(K), we see that
if ¢ is analytic, every element of H(K) is analytic, being a product of two analytic
functions. O

15



Let f: I — R be an n times continuously differentiable function on a closed interval
I. The unique polynomial .S, f of degree n — 1 that interpolates f at some distinct points

T1,...,T, € I can be written in terms of the Lagrange basis functions as
n
T —x;
z) =Y flao) ][ — m (3.35)
k=1 itk kT

Define the weighted polynomial interpolant

(S f)(z Z f@ H ;k_j; (3.36)

z;ﬁk

Both of these interpolants have the form >"7_, f(zx)ty for certain functions ¢. It is a
standard result [11, Sec. 2.6] that for each = € I there exists &, € I such that

(n) n
1)~ (S0 = T T, (3.37)
k=1

Upper bounds on the worst-case errors will be straightforward corollaries of the following
proposition.

Proposition 3.13. Suppose that assumption (3.3) holds. If f € H(K) and the points
Z1,..., Ty € [—1,1] are distinct, then

n

H(m — T)

k=1

(C2n)1/2

1F@) = (S0 < P 115 L — (339)

for every x € [—1,1].

Proof. Since the mapping f — ¢f is an isometric isomorphism, for every f € H(K)
there is g € H(R) such that f = g and || f||x = ||gl|z- The definitions of S,, and Sy
and the assumption (3.3) that ¢ is bounded from above give

[f (@) = (ST N (@) = le(@)] g9(z) = (Sng)(@)] < Pmax|9(x) = (Sng)(z)] -
By Equation (3.37) and Lemma 3.9,

g™ ||
n!

n CQn 1/2
[T =) < HQHR

k=1

l9(z) = (Sng)(2)] <

x—xk

c2r )12

= Hf”K

I*Ik

ﬁ
il

which gives the claim. O

Note that the above proposition does not require that ¢ be differentiable. If ¢ is
assumed to be infinitely differentiable and C%" can be computed or estimated, one can
use the polynomial interpolant (3.35) and the estimate

n

H(m—xk)

k=1

(CK 2”)

[f (@) = (Sn ) @) < N fllx — 77— (3.39)

instead of (3.38). However, since the weighting by ¢ in S¢ yields an interpolant that, at
least intuitively, more resembles the elements of H(K) than a polynomial interpolant, it
is to be expected that (3.38) is tighter than (3.39). In Section 3.4 we demonstrate that
this is indeed the case if K is the Gaussian kernel. Weighted polynomial interpolation
provides a linear algorithm that attains the upper bounds in Theorem 3.1.
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Proofs of upper bounds in Theorem 3.1. Let us first consider p = co. Let S¢ f be the
weighted polynomial interpolant in (3.36). Proposition 3.13 and Lemma 3.11 yield

n
=)

cr (M) n_l/ge\/ﬁozgl/2

[f (@) = (SN)(@)] < Pmax ||fHK

n

H(m — )

k=1

< Pmax | fl &

when n > mp(XA). The upper bound in (3.8) is immediate, while that in (3.6) follows
from the crude estimate |[],_,(z — x))| < 2™. To obtain a tighter bound for the nth
minimal error we can select x1, ..., x, as the roots of the nth Chebyshev polynomial T,
for which we refer to Section 3.1. Because the leading coefficient of T}, is 2"~ !, we have

n

sup H(x — )

z€[-1,1] [,

=27"" T, (3.40)

so that the upper bound in (3.7) follows from ||T,] =1
The upper bounds for p = 2 are proved identically. We obtain

n 1/2
1S =S¢ 1ll2 < ma [ Ver ) n Vo> 0 1/2< me?dz) .

—lr=1
Estimating the integral as
/ H (x — z) dx—/ H (x — ) dx—i—/ H(x—xk)de
Lrp=1 0 k=1
S/ (x—l)znda:—&—/ (x+1)*"dx
-1 0

2(22n+1 _ 1)

2n+1
< plo2ntl

gives the upper bound in (3.6). The upper bound in (3.7) is obtained by again selecting
Z1,...,Ty, as the roots of the nth Chebyshev polynomial T;,. This improves the above
integral estimate to

n 1/2 1 1/2
(/ H r—xp)? da:) = (22"”/ Tn(x) da:) < 272, (3.41)
10 -1

from which the upper bound of (3.7) follows.? O

3.4 Application to specific kernels

In this section we apply (3.7) with p = oo to the four weighted power series kernels
mentioned in the beginning of the section. Derivations for p = 2 and other worst-case
errors are entirely analogous and thus omitted. It is notable that for each kernel the rate
of decay of the nth minimal error is controlled by the shape parameter ¢ as in (1.9).

2By extremal properties of monic orthogonal polynomials, the constant 23/2 in (3.41) could be
optimised by selecting x1,...,z, as the roots of the nth Legendre polynomial.
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The Gaussian kernel
1
K(z,y) = exp (— 562(£U — y)2> (3.42)

is obtained from (3.1) by selecting

, 1
ar=e 2kkl and  p(x) =exp (— 252562).

Corollary 3.14. Let K be the Gaussian kernel in (3.42) and consider the setting of
Theorem 3.1. Then

o (2) (n) /2 < i (n) < n/f(2) (nt)1/2

where the lower bound holds when n > 1 and the upper bound when n > mL(SQ) and

2
1+e?

—(35et+3e?)

c = e and  co = 2v/cp(€2).

The upper bound of Corollary 3.14 is proved using weighted polynomial interpolation
and Proposition 3.13. For the Gaussian kernel it is however easy to use polynomial
interpolation and the estimate (3.39). Straightforward differentation of the Taylor series

of the Gaussian function yields

2n

c = — K
K wes[l,lrl),l] v Ouwn (v,w)

d® 4 e

v=r - (71)71 dZQn e

w=x

Plugging this in (3.39) and using Stirling’s formula produces

n
) (EE

1f = Suflle < el fllen™ /2 (V2ee)"n ™2 sup

:L’E[ L]l

for a positive constant ¢ if f € H(K). In contrast, in the proof at the end of Section 3.3
we saw that

n

1 = S2 Flloo < Pmax 11l VerE)n™BeVra 2 sup [T (z — ax)
ze[—1,1] k1
<E|flln V8V eV (Vee) n T2 sup H(ac — xy)
z€[-1,1] 1,54

for a positive constant ¢, where the second inequality uses Stirling’s formula (3.20).
These estimates show that by using weighted polynomial interpolation one obtains an
improvement of order 2~"/2 over polynomial interpolation.
The exponential kernel
K(x,y) = e (3.43)

is obtained from (3.1) by selecting
ar=¢ "k and  p(z) = 1.

Corollary 3.15. Let K be the exponential kernel in (3.43) and consider the setting of
Theorem 3.1. Then

S1/2\ " ‘ Sl/2\ "
c1 (2> ()72 < elin(n) < 02n_1/8€ﬁ(2> (nt)~*/?

18



where the lower bound holds when n > 1 and the upper bound when n > my(g) and

e~ 325 and ca = 24/cr(e).

Let 7 > 0. The analytic Hermite kernel

2

Cc1 =

1
K(z,y) = exp <— 562(1‘2 + %) + 7262xy> (3.44)

is obtained from (3.1) by selecting

1
ar = (16) 7%kl and  @(z) = exp (— 252952).

Corollary 3.16. Let K be the analytic Hermite kernel in (3.44) and consider the setting
of Theorem 3.1. Then

() 077 < ) < e () a2

where the lower bound holds when n > 1 and the upper bound when n > mL(TQEQ) and

2
= \/;e—(éﬁ‘e%;g) and ¢z = 2v/cp(T%€%).

The Bessel kernel
K(r,y) = To(2eV79) (3.45)

is obtained from (3.1) by selecting
ar=c FE?2 and =1

Corollary 3.17. Let K be the Bessel kernel in (3.45) and consider the setting of
Theorem 3.1. Then
cl/2 cl/2

! <2)n(”!)1 <ex®(n) < 02”1/86‘/5(2>n(n!)1

where the lower bound holds when n > 1 and the upper bound when n > my(e) and

[\
-
w

c = and  co = 2v/cp(e).

3.5 Derivative information

It is interesting to compare (3.6) to bounds for the worst-case error when information
consists of derivative evaluations at a single point a € (—1,1). Here we consider the
minimal worst-case error

) — 5L op(k)
eg:n<Da’ n) — inf sup ”f Zk:o f (a)'ll)knoo .
Y15 €L 0 fe H(K) £l

For brevity we omit the case p = 2.
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Theorem 3.18. Suppose that assumptions (3.3) and (3.4) hold. Let ¢, and my, be the
functions defined in (3.30) and (3.31) and a € (—=1,1). Then

]-+|a| " — min n
“m<<1+A>/> a1/ < e (D, n) < Ver () G n” BV (14 al)"a

where the lower bound holds when n > 1 and the upper bound when n > mp(\).

Proof. We first prove the upper bound. Consider the weighted Taylor approximation
T" f given by

(k)
(Tnf Z g ‘T - a’)kv
where g = ¢! f. Taylor’s theorem yields
(n) (n)
g oo n g 50 7
I~ T2l < ot = sup o] = a1 oo 1 4y

z€[—1,1]

The upper bound follows from Lemmas 3.9 and 3.11 and ||f||, = |gl/z, with R the
unweighted kernel in (3.29).

To prove the lower bound, let g,(z) = (z —a)™ and f, = ¢g, € H(K). From the
Hilbert space characterisation (3.2) and the binomial theorem we compute

n 2 n 2 n 2
n Qpt [T n—Fk)!/n
TAPED ank<k) a** =,y a(k) a** <,y A — ) (k) a*
k=0 " ’

k=0

Clearly,

[fnllee = 09nlloe = Pmin max{gn(=1),9n(1)} = Pmin(1 +[a])". (3.46)

The derivatives up to order n — 1 of g, vanish at x = a. This implies that also the
derivatives of f,, vanish at z = a. Thus ZZ;S f%®) (a)y = 0. Consequently,

. n—1 (k)
egln(D(“n) .Ilf sup Hf Z f ( )wkHOO Z HleHoo
Y1, n €L () 0 Fe H(K) ||f||K I fnll &

Using ||fn||§( < ap (1 + Aa?)™ and (3.46) yields the claimed lower bound. O

Note that, up to a constant, the upper bound from Theorem 3.18 coincides with
the upper bound on sup ¢ 1 e™n(z | xy,...,2,) that is obtained by formally setting
x1=-=2z, =ain (3.8).

3.6 Some remarks on higher dimensions

Let us conclude with a few short remarks about how the results in this section could
and could not be generalised to higher dimensions. The natural generalisation of the
kernel (3.1) to dimension d € N is

Kq(x,y) Z o 'xRyR o for x,y € [-1,1]4, (3.47)
keNg
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with summation over d-dimensional non-negative multi-indices. This kernel is well-defined
and strictly positive-definite if ¢: [~1,1] — R is non-vanishing and ZkeNg ot < oo
The definitions of worst-case errors and the Hilbert space characterisations in Section 1
generalise naturally. Due to non-uniqueness of polynomial interpolation in dimensions
higher than one it is no surprise that the worst-case error no longer tends to zero for an
arbitrary sequence of points.

Proposition 3.19. Suppose that d > 2 and p € [0,00]. Let K4 be any kernel of the
form (3.47). Then there exists a positive constant ¢ such that for every n > 1 there are

distinct points x1, ..., %X, € [—1,1]¢ such that

e;}nin(xl, X)) > e
Proof. Let x1,...,x, be any pairwise distinct points on the unit circle. The polynomial
P(x) = % + -+ + 2% — 1, where x = (1,...,24), vanishes on the unit circle and

the function defined as f(x) = ¢(x)P(x) is a non-zero element of H(K,). Therefore
> opey f(Xk)thr = 0. Tt follows that ef"™(xy,...,%p) > I £1l, / 1 fll g, > 0, where the lower
bound does not depend on n. O

It would be straightforward to use tensor grids to prove limited generalisations
to higher dimensions of Theorem 3.1. We also note that Bernstein [2] has proved a
certain multivariate extension of the Markov inequality used in Section 3.1. See [8] for a
somewhat more accessible source.

4 Stationary kernels

Let ®: R — R be a continuous and integrable positive-semidefinite function and consider
the positive-semidefinite kernel K given by K(z,y) = ®(z — y) for all z,y € R. Such
kernels are variously called stationary or translation-invariant. Bochner’s theorem [48,
Thm. 6.6] ensures that the Fourier transform

d(w) = \/%/ua@(m)eiw dz

of @ is real and non-negative. The Hilbert space H(K) consists of square-integrable
functions whose Fourier transforms decay sufficiently fast [48, Thm. 10.12]:

1 fw)P
\/%/R d(w)

The Gaussian kernel K (z,y) = exp(—2e%(z — y)?) is one of the most straightforward
examples of a stationary kernel, having

H(K) = {f € L’R) : |IfII% = dw < oo}. (4.1)

1 ~ 1 1
®(2) = exp (— 252,22) and ®(w) = z exp (- 2€2w2>' (4.2)

By (4.1) the Hilbert space of the Gaussian kernel therefore consists of functions with
super-exponentially decaying Fourier transforms. Note that exponential decay of the
Fourier transform suffices for analyticity by the Paley—Wiener theorem [36, Thm. IX.13].
In this section we prove lower bounds on the worst-case errors in (1.1)—(1.3) under
assumptions analogous to (3.3) and (3.4). Firstly, we assume that there is a positive

constant ®,,;, such that
0 < Pin < |D(z)] (4.3)
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for all z € [—1,1]. We note that ® is uniformly bounded from above on [—1,1] by
continuity. Secondly, define

1 ()2
ﬁk_\/%/R {Is(w) dw for k>0. (4.4)

We assume that ® is infinitely differentiable and that there exists a positive constant A

such that 5 0l
k k
<\~ 4.5
Bn n! (45)
for all n > 0 and 0 < k < n. Observe that in Section 3 the coeflicient oy, is the squared
Hilbert space norm of the weighted monomial f(z) = ¢(z)2* by (3.2). Similarly, for
g(z) = ®(z)z* we get

o _ 1 [P, 1 NP
lolfe = = / = / b= (4.6)

The constants 8;, and assumption (4.5) play the same role as oy, and (3.4) in Section 3.

Before proceeding, let us verify (4.5) for the Gaussian kernel. Since ¢ = ® for the
Gaussian kernel, it follows from (4.6) that 8, = oy = e~ 2¥k!, but it is nevertheless useful
to use Fourier transforms to check this. Equation (4.2) and the Rodrigues’ formula for
probabilist’s Hermite polynomials give

3K () = (5k}~>1k Hk(w) exp (_ 2;w2> _ (—;)ka (j>$(w),

where Hj, is the kth probabilist’s Hermite polynomial. From the weighted L? norm of
Hermite polynomials we obtain

1 OIME 1 w\*1 1
- W gy e L H(> L, (_ 2>d
B \/ﬂ/R P(w) “ Vor \e) 5P 2 )

Bn < oo and

which satisfies (4.5) with A = 2. We prove the following theorem in Section 4.1.

Theorem 4.1. Let K be a stationary positive-semidefinite kernel and p € {2,00}.
Suppose that ® and (Br)5, satisfy (4.3) and (4.5). Then

Grp(n+1)7122m B 2 < emin(gy L y,), (4.7)
Grp (n+1)7H227n g 1/2 < elin(p), (4.8)
6min(x | Tiy.-. axn)

Cloo (n41)7Y2272np-1/2 < (4.9)

= s (= = )]

for every n > 1, where

~ 2 —L\2 ~ 2\/ 2 _L)\z
Cloo = e 32" Py, and ¢, 32° Qin. 4.10
bee TV TN YT B BE L) (4.10)

The only difference to the lower bounds of Theorem 3.1 is the additional factor
(n+ 1)*1/ 2 and the substitution of ®,,;, for (omin in the constant. We omit upper bounds
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as we have not found a convenient way to express them in terms of §,. Note that
polynomial interpolation (3.37) and Lemma 3.9, together with stationarity, yield the
bound

n

H (x — xx)
k=1
\/<1><2">(0)

(e

which is in terms of the moments of ® rather than of Br. The upper bound in [49] (to
be discussed in Section 4.2) is derived from the above estimate.

2n\1/2
F(@) — (SuP) @) < 1f] G

= [1fllx

= [1fllx

ﬁx—xk
e

4.1 Proof of Theorem 4.1

To prove Theorem 4.1 we use the following lemma, a cousin of Lemmas 3.5 and 3.8.

Lemma 4.2. Let P,(z) = Y.}_,arz® for a € R be a polynomial of degree n. If
assumption (4.5) holds, then the function f,(z) = ®(z)P,(x) is an element of H(K)
and its norm satisfies

fallie < A+ N 72 (n+1) 27 |Palls, and [ fulli < 2 (n+1) 2" an | Pal3
for every n > 1, where the constants 7o and €y are given in (3.15) and (3.19).

Proof. By the properties of the Fourier transform,

fo(w) = Zakikf/ls(k) (w)
k=0
From (4.1), Jensen’s inequality and (4.4) we get

L@ 1 NS asm)
o YT b 2, ol 00w

n—l—l 1
a; (I)(k)
O(w) f Z

dw

1
fn 3=
” HK \/T "

=(n+1) Zﬂkai.

k=0

Lemmas 3.5 and 3.8 provide bounds on Y ;_, axai if oy satisfy (3.4). Because assump-
tion (4.5) on By is identical to (3.4), the claimed bounds follow from these lemmas. [

Proofs of lower bounds in Theorem 4.1. Select fn(z) = ®(z)(x — x1)---(x — z,) and
proceed as in Sections 3.1 and 3.2. Use Lemma 4.2 in the place of Lemmas 3.5 and 3.8 to
estimate the norm of f,,, which yields lower bounds that differ from those in Theorem 3.1
by the factor (n + 1)~/ O
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4.2 Bounds by Yarotsky

Yarotsky [49] has derived pointwise upper and lower bounds on the posterior variance
in Gaussian process interpolation for a certain class of analytic stationary covariance
kernels. It is well known that the Gaussian process posterior variance equals the squared
worst-case error in the Hilbert space of the covariance kernel, a fact that one can verify
by noting that [e.g., 29, Sec. 10.2]

|f(x) = 30—y flaw)ul?

min 2 .
.. = f
@@ o) mwl‘I»luTLGRo#SeuIE(K) I£1I%
n 2
= inf K(-,x) —ZukK(-,xk)
UL,y Un ER =1 K

= inf (K(x, x) — 2ZukK(x,xk) + Z ukulK(xk,xl))
k=1

UL,y Uy ER P
= K(z,2) — ko (2)TK; Tk (2),

where k, () is an n-vector with elements K (z,z;) and K,, an n X n matrix with elements
K(z;,z;). The last expression, which requires assuming that the kernel is strictly
positive-definite, equals the posterior variance in Equation (6) of [49].

Theorem 4.3 (Special case of Theorem 2 in [49]). Let K be a strictly positive-definite
stationary kernel such that

</I;(w) =exp(—alw|’)  for a>0 and b>1.

If n is sufficiently large and x1, ..., x, € [—1,1] are distinct, then

1/by\ nt1/2
cen/2<abe)n/b<(2n+1) )

T Xy, 2n)

(2n + 1)1/’7)"“/2

< ce™(abe) /b (
n

where ¢ = (abe)~1/?.

Yarotsky uses polynomial interpolation to prove the upper bound. His proof of the
lower bound differs considerably from our proofs based on estimation of polynomial
coefficients. Rather than construct a fooling function, he writes the worst-case error as
an integral of the product of an exponential sum and the Fourier transform of ® which
he then truncates and bounds from below, a feat which involves an explicit expression for
the distance between (1, z,...,2") € C"*! and the span of ((1,z,...,z}))F_, C C*FL.

The assumption b > 1 ensures that H(K) consists of analytic functions. Setting b = 2
and a = 1/(2¢?) gives a constant multiple of the Gaussian kernel by (4.2). In this case
the lower and upper bounds in Theorem 4.3 are asymptotically constant multiples of

e

n—1/4<\/§5> 2 and o YA(V2ee) /2,

respectively. For the Gaussian kernel our corresponding bounds in (3.8) are constant
multiples of
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By Stirling’s formula, n! ~ v/2rn™*t1/2¢=" 5o that the bounds (4.11) are asymptotically
constant multiples of

n—1/4(\/j€> n~"2  and n—3/8ea\/ﬁ(\/é€)nn—n/2.

Because v/2/e ~ 0.52 > \/e/4 ~ 0.41 and /e < v/2e, the lower bound in Theorem 4.3
is tighter than that in (3.8) but the upper bound is looser. That our upper bound is
tighter is due to our use of weighted polynomial interpolation; Yarotsky uses polynomial

interpolation, which is expected to yield worse upper bounds as discussed in Sections 3.3
and 3.4.
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