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Abstract

We present a general Fourier analytic technique for constructing orthonormal basis expansions
of translation-invariant kernels from orthonormal bases of .4 (R). This allows us to derive explicit
expansions on the real line for (i) Matérn kernels of all half-integer orders in terms of associated Laguerre
functions, (ii) the Cauchy kernel in terms of rational functions, and (iii) the Gaussian kernel in terms
of Hermite functions.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

Let {2 be a vector space. A symmetric positive-semidefinite kernel r: 2 x 2 — R
is translation-invariant if r(t,u) = ®(t — u) for some @:2 — R and all t,u € {2
Translation-invariant kernels, also known as stationary or shift-invariant kernels, are a mainstay
of radial basis function interpolation [30] and Gaussian process modelling as used in, for
example, spatial statistics [25] and machine learning [23]. Each positive-semidefinite kernel
induces a unique reproducing kernel Hilbert space (RKHS), 47 ({2), which is equipped with
an inner product (-, -), and the associated norm || - ||, (e.g., [21], Section 2.2). Practically every
commonly used kernel induces an infinite-dimensional RKHS that is separable (see [20] for a
short review on separability of RKHSs), which means that #({2) has an orthonormal basis
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{¥m}mer for some countably infinite index set I (e.g., I = N) and that the kernel admits the
pointwise convergent orthonormal expansion

r(t,u) = Z YY) forall t,ue (2, 1.1
mel
where z* denotes the complex conjugate of z € C. If 2 is a compact subset of the Euclidean
space R? and r is continuous, the expansion (1.1) converges uniformly [21, Section 11.3].
Expansions of the form (1.1) are often needed to develop reduced rank methods of sub-
cubic computational complexity [22,24], to improve numerical stability [8], and for various
theoretical purposes (e.g., [14,26]).

However, few orthonormal expansions appear to have been constructed for translation-
invariant kernels. To the best of our knowledge, the Matérn—% kernel r(t, u) = exp(—A |t — ul)
and the Gaussian kernel r(¢, u) = exp(—%kz(t — u)?) on subsets of R are the only commonly
used translation-invariant kernels for which orthonormal expansions have been found. For vari-
ous expansions of the Matérn—% kernel, see Section 4 in [11], Section 3.4.1 in [29], Example 4.1
in [32], and Example 2.5 and Appendix A.2 in [9]. For the Gaussian kernel both a simple
non-Mercer expansion based on a Taylor expansion of the exponential function (e.g., [17])
and a class of Mercer expansions [9, Section 12.2.1], which appear to have originated in
[33, Section 4], are available. A large collection of expansions for kernels which are not
translation-invariant can be found in [9, Appendix A]. In this article we describe a general
and conceptually simple Fourier analytic technique, contained in Theorem 1.1, for constructing
orthonormal bases for translation-invariant kernels on R out of orthonormal bases of .%(R). We
then use this technique to compute orthonormal expansions for three commonly used classes
of kernels.

Ours is what one could call a kernel-centric approach. That is, our starting point is a kernel
that has, in some sense, desirable or intuitive properties and our goal is to find its orthonormal
expansion. The space-centric approach is to start with a Hilbert space or its orthonormal basis,
show that this space is an RKHS, and construct its reproducing kernel via (1.1); under fortuitous
circumstances the kernel is available in closed form. A prime example of this approach is how
Korobov spaces and their kernels, which can be expressed in terms of Bernoulli polynomials,
are used in the quasi-Monte Carlo literature (e.g., [5], Section 5.8). Other examples include
Hardy spaces [21, Section 1.4.2], power series kernels [34], and Hermite spaces [13]. Our
technique to construct orthonormal bases is similar to the method in [18], where the goal is
however to find a closed form expression for the reproducing kernel of a Hilbert space.

1.1. Construction of orthonormal bases

Let |z| denote the modulus of z € C and recall that z* is the complex conjugate. The spaces
2 (R) and (R, 1/27) consist of all square-integrable functions f: R — C and are equipped
with the inner products

o0 1 o0
(fs g)xz(]R)=/ fiHg)ydr and (f, &) ami/0m) = E_/ fing)de.

The Fourier transform and the corresponding inverse transform for any integrable or square-
integrable function f are defined as

flo)= / T foed ad ) = % / A ) do,
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The Fourier transform defines an isometry from % (R) to A (R, 1/27) via the Plancherel
theorem

o 1 ©
/ fgt)dt = 2—/ fw)g(w)dw.
00 T J o

The functions f and f are referred to as time domain and Fourier domain representa-
tions, respectively. Our 7, (R)-orthonormal expansions are derived from the following rather
straight-forward theorem. Let / be a countably infinite index set, typically either N or Z.

Theorem 1.1 (Construction of Orthonormal Bases). Suppose that r(t,u) = &t — u) is a
translation-invariant symmetric positive-definite kernel with ® € C(R) N Z1(R). Let {@m}mer
be an orthonormal basis of £ (R) and h a function such that |fz(w)| = @(w)l/ 2. Then the
functions

Y (t) = /00 h(t — ©)pn(t)dt  with Fourier transforms &m(w) = fz(w)gﬁm(w)

o0

for m € I form an orthonormal basis of 7€ (R) and the kernel r has the pointwise convergent
expansion

r(t,u) = Z YY) forall t,ueRR. (1.2)

mel

Proof. That r is symmetric positive-definite implies that & is real-valued and positive
[30, Theorem 6.11]. For a function % such that |i(w)] = $(w)'/?> > 0 for all w € R we
define a convolution operator H: %4 (R) — 4(R) via

o]

(’Hf)(t):[ h(t —7)f(r)dr forall reR.

—00

Note that the convolution theorem yields 7/-[7(a)) = fz(a)) f (w). By the standard characterisation
(see [15] or [30, Theorem 10.12]) of the RKHS of a translation-invariant kernel,

R N OO
2 Jos D)

For any f, g € £ (R) the convolution theorem and Plancherel theorem thus give

1 [ h()|* fw)é)
H [} H r = ~
(Hf Hg) /_ N )

(f, &)r forany  f, g € Z(R). (1.3)

I [ . .
o do = /_oo Fw)g(@)do = (f. &) z,m).
which shows that H is an isometry from % (R) to S (R). It follows from (1.3) that the inverse
Fourier transform
. L[ f
H'HO =5 |
27 J oo h(w)
defines the inverse of . Therefore H is an isometric isomorphism and thus maps every
orthonormal basis of % (R) to an orthonormal basis of JZ.(R) [12, Section 2.6]. The kernel
has a pointwise convergent expansion of the form (1.2) for every orthonormal basis of 77 (R)
[21, Theorem 2.4]. [

e dw forall reR

To obtain the basis functions v, in time domain using Theorem 1.1 one has to either
compute the convolution f fooo h(t — )@, (t) dt or the inverse Fourier transform of i(w)@,, (w).
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It is therefore necessary to select a basis of Z(R) for which either of these operations
can be done in closed form. We use Theorem 1.1 to derive orthonormal expansions for (i)
Matérn kernels for all half-integer orders, (ii) the Cauchy kernel (i.e., rational quadratic kernel
[23, Equation (4.19)] with « = 1), and (iii) the Gaussian kernel. The expansions are
summarised in Section 2. All expansions appearing in this article converge pointwise.

1.2. On Mercer expansions

Let {2 be a subset of RY and w: £2 — [0, oco) a weight function. The Hilbert space %5 (2, w)
is equipped with the inner product

(fs 8) 2w =/Qf*(l)g(t)w(t)dt

and consists of all functions f:R — C for which the corresponding norm is finite. Suppose
that the kernel r is continuous and define the integral operator

Trwf = /oo r(cu) fuwyw(u) du. 1.4)

Under certain assumptions, Mercer’s theorem [27] states that (i) 7, has continuous eigen-

functions {#,,}5°_, and corresponding positive non-increasing eigenvalues {i,, }>-_, which tend

m=0
to zero, (ii) {9,}°_, are an orthonormal basis of Z5(f2, w), and (iii) {/UmDm}o, is an
orthonormal basis of JZ/({2). Consequently, the kernel has the pointwise convergent Mercer

expansion

[e.¢]
r(t, u) = Zumﬁ,’;(t)ﬂm(u) forall r,ue . (1.5)
m=0

While Mercer’s theorem and the eigenvalues of 7., constitute a powerful tool for under-
standing topics such as optimal approximation in .Z,(f2, w)-norm (e.g., [19, Corollary 4.12]
and [7, Section 2.4]) and improved approximation orders in subsets of J#.({2) [30, Sec-
tion 11.5], both in theoretical research and practical applications there is often no reason
to prefer a Mercer expansion (1.5) over a generic RKHS-orthonormal expansion (1.1). For
example, the Karhunen—Logve theorem is merely a special case of a more general result that
a Gaussian process with covariance kernel r can be expanded in terms of any orthonormal
basis of J#.({2) [1, Chapter III]. When an expansion is being sought solely for computational
reasons, it does not matter whether or not this expansion is Mercer.

Constructing a Mercer expansion by first identifying a convenient weight and then finding
the eigendecomposition of the integral operator (1.4) can be rather involved, which is illustrated
by the construction in [9, Example 2.5] for the Matérn-% kernel. What makes Theorem 1.1
convenient is therefore that it does not require that the expansion be Mercer for some weight.
However, identifying a weight w for which the basis function 1, constructed via Theorem 1.1
are % (R, w)-orthogonal shows that the expansion is Mercer because the % (R, w)-normalised
versions of 1, are the eigenfunctions of 7, ,,. It turns out that our expansion for the Gaussian
kernel is Mercer and the ones for Matérn kernels are “almost” Mercer, in that all but finitely
many basis functions are orthogonal in % (R, w) for a certain weight.

2. Summary of expansions

This section summarises the expansions that we derive using Theorem 1.1. Each expansion
converges pointwise for all #,u € R. All expansions are for kernels with unit scaling.
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Expansions of arbitrary scalings, A, may be obtained by considering the kernel r(At, Au), for
which the corresponding basis functions are ,,(At).

2.1. Matérn kernels

Expansions for Matérn kernels are derived in Section 3. A Matérn kernel of order o > 0 is
l—a
I'(a)

where I' is the Gamma function and K, the modified Bessel function of the second kind of

order . Let L} denote the mth associated Laguerre polynomial of index 7, defined in (3.12),
and let {¢,,}ncz be the Laguerre functions

On(t) = V2LuQ20e Lo 0 (t)  and  @_y_1(t) = —v2 Ly (—20)e" Lo 0)(1)

for m € Ny, where L,, = LE,?) and 1, denotes the indicator function of a set A. Consider
half-integer order @ = v + 1/2 for v € Ny. Then the Matérn-Laguerre functions
vl

ro(t, u) = (It — ul)*Ko (|t — ul), 2.1

Y (1) = PR 1)'(2t)”+'L(“+])(2t)e_’1[o () for m e N
Vo) = (=1)"Y,5 (=) for m e Ny,

0 v +1
wmv()_7mz< >( 1)‘ﬂm+kul(t) form=0,...,v

form an orthonormal basis of the RKHS and

Fogip,(t, u) = Z Y OV () + Z Vo o OV (1) + Z Vb SOV ()

m=0 m=0
for all ¢, u € R. The basis functions w and 1/fm’v are orthogonal in .4 (R, w,) for the weight
function w,(t) = 2/|2t| sy

2.2. Cauchy kernel

Expansions for the Cauchy kernel are derived in Section 4. The Cauchy kernel is

1
tu)= ——.
= Ty
Both the complex-valued Cauchy-Laguerre functions
1 @any" 1 (it)"
mll) = d -m—1l) = ——F=———
w ( ) \/_(ll )m-H an 1/[ ]( ) ﬁ (lt + 1)m+l

for m € Ny and the real-valued Cauchy-Laguerre functions
1 . d 1 .

E(wmm +Yn(®) and  B,(1) = 72(10,”(0 — Ym(0))

for m € Ny form orthonormal bases of the RKHS. Therefore, the Cauchy kernel has the

expansions

any(t) =

rtu) =) Y OYm) = Zam(r>am<u>+Zﬁmmﬂm(u)

m=—00 m=0 =
for all ¢, u € R. Expressions of «, and B, in terms of real parameters are given in (4.5).
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2.3. Gaussian kernel
Expansions for the Gaussian kernel are derived in Section 5. The Gaussian kernel is
1 2
r(t,u) = exp _E(t —u) ).
The functions

NP (2
wm(t) = (T) 6mm'e Hm(ﬁ) for m e Ny (22)

form an orthonormal basis of the RKHS and the kernel has the expansion

r(t, Lt) = Z wm(t)wm(u)
m=0

for all 7, u € R. This expansion is a special case of the well-known Mercer expansion of the
Gaussian kernel [9, Section 12.2.1]. The2 l;asis functions (2.2) are orthogonal in % (R, w,) for
the weight function wy (1) = ax~"2e~*"" with a = +/2/3.

3. Expansions of Matérn kernels

The Matérn kernel of order ¢ > 0 in (2.1) can be written as
12«

I'()
and its Fourier transform is (e.g., [30], Theorem 6.13)
. B T(a+1/2) 22
Py(w) =277 :
From now on we assume that the kernel is of half-integer order: @« = v+ 1/2 for v € Ny. Then
the Fourier transform simplifies to
(v!)Z 22v+1
Qu)! (w? 4+ 1)v+1’

and a non-symmetric square-root, in the sense that |fzv+1 ()] 2= QA5U+| 2(w), is given by

ro(t,u) = Qlt — u)*Ka(lt — ulb),

By 1 () =

. l)! 2u+1/2
h w) = . 3.1
vt1/2(@) NGO EDEE (3.1
The corresponding time domain function is [31, Section 1.03]
| tY
—or Uy o). 2
hyi12(8) mv!e [0,00) (1) (3.2)

Note that this function vanishes on the negative real line.
3.1. Laguerre functions

The following material is mostly based on Section 2.6.4 in [12] and Section 1.03 in [31]. To
derive an orthonormal expansion for the Matérn kernel we use the so-called Laguerre functions
¢n whose Fourier transforms are given by

(iw— 1"

Om(w) = \/EW

for m € Z. 3.3)

6
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The functions ¢,, form an orthonormal basis of % (R, 1/27). Because the Fourier transform
is an isometry, the Laguerre functions themselves, defined by the inverse Fourier transform

1 o0 )
o) = 2—/ (@) dw  for meZ, (3.4)
7 )

o0

are an orthonormal basis of .%4(R). Let L, for m € Ny be the mth Laguerre polynomial

m )
L.=3" (r]:’>( k!) i+ 3.5)

k=0

For non-negative indices m € Ny the inverse Fourier transform (3.4) is given by

On() = V2 L,y (20)e ™" 110 00)(0). (3.6)
The conjugate symmetry ¢* _ (w) = —¢,(w) gives the following expression for negative
indices:

Gom1(t) = —@u(—1) = =2 L (=20)e' 1o 0)(t)  for m € Ny.

The Laguerre functions and their Fourier transforms satisfy the following useful identities:

@ 1) = —Pp(w), (conjugate symmetry)
R iw— 1\k .
Omik(w) = (ia) n 1) Om(®), (shift property)
. . L, . e
Pm(w)pr(w) = E((pm%(a)) () (multiplication property)
2v+1/2 v v .
m = Z (k)(—l) Or (). (binomial identity)
k=0

3.2. Matérn—Laguerre functions

In view of Theorem 1.1, an orthonormal basis for the RKHS of the Matérn kernel r, 11,
is obtained from (3.1) and (3.3) in Fourier domain as

V! (iw— 1"
Vo)l (i + Lyn+1+v

for m € 7Z. We call the resulting functions the Matérn—Laguerre functions. Like the Laguerre
functions, the Matérn—Laguerre functions satisfy a certain conjugate symmetry property in the
sense that

Voo tmoru(@) = (=D (@) for  m e Np. (3.8)

Furthermore, by the binomial identity and the shift property of Laguerre functions, the
Matérn—Laguerre functions and their Fourier transforms are

1
<" N )( 1 i (0) (3.9)

7

V(@) = by i12(@) P (@) = 2"+

(3.7)

wm,v(t) - 7 m Z
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and
| v+1

~ 1 V! v+1 k A
m,v = = —1 'm 3.10
Vi (@) ﬁm;_;( N )( Y G (@) (3.10)

for m € Z. The Matérn kernel of order v + 1/2 can therefore be expanded as

Fon () =Y Y o (O o). (3.11)

m=—0Q

The following proposition provides a uniform upper bound on the Matérn—Laguerre functions.

Proposition 3.1 (Matérn—Laguerre Upper Bound). For all t € R and m € Z, the
Matérn—Laguerre functions satisfy

2Vp!

v (2v)!

Proof. By (3.10) and the binomial identity for Laguerre functions,

~ (J'rv)l/4 as v — oQ.

[V (O] <

P = —— Z (“)(—D"i / " o) do
m,v - m P k T . POm Dk .

Apply the triangle inequality, the Cauchy-Schwarz inequality, and the orthonormality in
(R, 1/27) of ¢, to arrive at

f € G (@) Pr(®) dw

—00

v! AN |
= Jaon ; <k>§
v! v\ 1 00 1/2 00 12
Sv(z'u>'z<k>§</ "?’m(‘”)'zdw) (/ Isﬁk(w)|2dw)

The asymptotic equivalence as v — oo follows from Stirling’s formula. [J
It appears difficult to improve upon the bound in Proposition 3.1. Consequently, uniform

convergence of Matérn-Laguerre expansions on R is likely unattainable.

3.3. Classification of Matérn—Laguerre functions

For m € Np, a more compact and convenient expression of the Matérn—-Laguerre func-
tions (3.9) may be obtained by using the convolution formula in Theorem 1.1. For n € Ny, the
associated Laguerre polynomial LY is defined as

e N~ (M1 D
LU (t)_k;(m_k> Tt (3.12)
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The associated Laguerre polynomial L{” equals the Laguerre polynomial L,, in (3.5). Fort > 0
and m € Ny, we get from (3.2) and (3.6) that

wm,v(t) = / hv+1/2(t — ) (T) dr

o0

! ! t—1)
= —2”“/2 e*“*f)—e*’«/ELm(Zr)dr
v/ (2v 0 v!

(2t —27)"
—L 27)d
«/(2\) / (er)de
! 22 — )
- ﬂ/(zu) 0
v'
«/(21} (m+v+1)'

where the last equality follows from a convolution identity for Laguerre polynomials
[3, Chapter 6, Problem (3)]. For ¢ < 0, the Laguerre functions ¢,,(¢) vanish and the convolution
evaluates to zero and hence

Y1) =

Ln(7)dz

(2 )U+IL(U+1)(2t)e

COYTLOTD21)e " g 00 (1) for  m € Ny.

Vv m+v+ 1)

For negative indices m < —v — 2 a similar expression is obtained from the conjugate
symmetry (3.8):

w—v—l—m—l,v(t) = (_l)vwm U(_t)

/—' 3.13
= (1)21))‘ m +I’I]1) T (2[)\1+1L5:+l)(2 |l|)e_|t|1(,w70)(t) ( )

for m € Ny. This motivates the following notation for the three classes of Matérn—-Laguerre
functions that comprise an orthonormal basis:

V() = Y, (1) for m e Ny, (3.14)
V() = (=1 "Ym (1) for m e Ny, (3.15)
Y o (1) = Vo1 m (1) for m=01,...,v. (3.16)

For convenience, define the corresponding sets
+ [t S R 0 _ [0 ¥
///v - { mfv}meNO’ ///v - {I/Im,v}meNU’ ///v - {Wm.V}m=0’
the union .#, = .#,; U ./, and the kernels

[e.¢] o0
Lot ) =Y Yo (O, @) and  pl o) =Y ub O . (3.17)

m=0 m=0
We call the set .2 the null-space and study it in more detail in Section 3.5. For now, note
that the null-space functions are supported on R because from (3.9) one can see that for
m =0, ..., v the sum that defines ¥_,_;4,,, contains Laguerre functions with both negative

and non-negative indices. Some of the basis functions are shown in Figs. 1 and 4.

The Matérn expansion (3.11) can now be written in terms of these functions and kernels as

Foia(tu) =Y Un OV @)+ oy (1) + pl ot w).

9
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0.5
10
—-0.5
0 5 10 15 20 25 0 10 20 30
Fig. 1. The Matérn-Laguerre functions 1,0;;_‘) in (3.14) for m =0, ..., 6. Observe that the functions vanish on the

negative real line.

It is clear that the functions in .#, are supported on the negative real line and the functions
in . on the positive real line. This observation yields the following simplifications:

ot ) = yh (OUS @) + pfy ot w) it >0 oru>0, (3.18)
m=0
v
_ 0 0 — .
Fosip(t ) = D U0 OV @) + pyy pt 1) if r<0oru<0, (319
m=0
rop(tw) =y OV, (u) if  signr # signu. (3.20)
m=0
We next show that .#,, .#;, and ./, form orthogonal bases with respect to the weight
function
w, (1) = 2/ |26 "

This justifies saying that the expansions we have derived for Matérn kernels are “almost”
Mercer.

Proposition 3.2 (Matérn—Laguerre Orthogonality). The sets M,, ), and M form
orthogonal bases in (R, w,), LH (R, w,), and L (R_, w,), respectively. Furthermore,
_ (v))? m!

2 2
[ l;t,v”gz(Rywv) = | wm,u”zz(]&wv) = om0 for every m e N,.

Proof. That ,//Z;r forms an orthogonal basis in % (R, w,) follows from the fact that the
functions

tu/2+1/2L’(:+1>(t)e—t/2 for meN, (3.21

form an orthonormal basis in % (R,) [28, Theorem 5.7.1]. Furthermore, the norms of
the functions in .#" are readily computed from the norms of the corresponding Laguerre

10
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v=1
-———2 —1.2 m——0.4 1
— 0.4 1.2 2
~
P
RARE!
AR
B \
7 () 0.5
1} 1
’ 1
’ \
’ \
’ \
s Y
R Vi
2 4 6 -6 —4 —2 0 2

0
4 6
Fig. 2. Translates p,y1/2(-, u) of the kernel in (3.22) for u € {-2,-1.2,-0.4,0.4,1.2,2}. Observe that each
translate is supported on the axis that u lies on.

polynomials:

2 wh)?
” wr:zrv ”_?Z(R,wu) =

! 2 poo
Qv)! ((m +n:+ 1)|> /O [LS;Jrl)(t)]Zthrleft d
O

m!

@)l m A+ D

The statement pertaining to .#," follows from the symmetry (3.13) and the statement pertaining
to .#, from the fact that A (R) = HR) d LRy, O

not members of % (R, w,). This will become evident in Section 3.5.

Because they do not decay to zero sufficiently fast at the origin, the functions in .#? are
3.4. Truncation error

Define the kernel

Pv1/2(t, u) = PU_+1/2([, u) + p\:.l/z(t, u)

(3.22)
in terms of the kernels in (3.17). A few translates of this kernel are displayed in Fig. 2. The
full Matérn kernel is therefore

m=0

Fopra(t ) = e (OU8 @) + pusiyalt, u).

From Proposition 3.2 we see that the kernel p,11,, is an element of (R x R, w, ® w,) and
that its squared norm is given by

/ f p§+]/2(t, w)w,(Hw, (u) dt du

00
= >l ey + 1 )
m=0

This implies that p,;,, defines a Hilbert-Schmidt operator on % (R, w,) via (1.4) and that
the above norm is precisely the squared Hilbert—Schmidt norm of this operator [16, Chapter 1,

11
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v=1
1 1
Tu+1/2('71)
m—m——=n =23
n =6
—_—n=1l1
0.5 —_—n =41 0.5
0 — 0
—1 0 1 2 3 0 2 4 6 8 10

Fig. 3. The truncation in (3.24) for two Matérn kernels. Because the second kernel argument has been fixed to a
positive value, the truncations are exact on the negative real line by (3.20).

v=2 v=29
0.5 0.5
0 —0
—0.5 —0.5
~10 -5 0 5 10 -20 -10 0 10 20

Fig. 4. The null-space Matérn—Laguerre functions 10,9,_” in (3.16) for v=2 and v =9.

§1]. Next the approximation errors for appropriately truncated approximations of the Matérn
kernel are examined in terms of the Hilbert—Schmidt norm. Let » > 1 and define the truncated
kernels

n—1 n—1

Posty2n(t, ) =D Y (O, @)+ DUt OV (), (3.23)
m=0 m=0

Fos2a(t,w) =Y (O (W) + pos1jalt, u). (3.24)
m=0

Observe that 7,41/, , is a finite expansion of v + 1 + 2n terms. Some truncations of Matérn
kernels are displayed in Fig. 3.

Proposition 3.3 (Matérn Truncation). For every n € N it holds that
172
Cy

o0 o0
| [ eantn—rapsefnowmaa) <o
where

o 22v+2) 1 [2n@v+2)w
cy = —_~ — [ ————  as vV — Q.
ey 2w+l 2w 20+ 1

12
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Proof. Firstly, the truncation error is
Fopty2(t, u) — ro12,a(t, u) = poy1p2(t, ) — Pur1y2,0(t, 1)
o0
= [V OV @) + O, @)].

Using Proposition 3.2, the squared norm of the truncation error is straight-forwardly computed
as

/ / (Fog1/2(t, ) = Py y2.0(t, 0)) Wy () w, (u) df du

Wl gy + 190 .0

m=n

wH2\? & m! 2
((2\1)'> ((M+V+1)‘>
((V')Z)Z o0 1

m2v+2
m=n

I
)

IA
)

2v)!

The sum may be estimated with an integral as

21 1 S | 1 1 1 w42 1
Z 2 S e T = + = )
m2v nv . t v+2 n2v+2 2v + 1 n2v+1 2v + 1 n2v+1

where n > 1 was used in the last inequality. This yields the desired upper bound. The
asymptotic equivalence for ¢, as v — oo follows from Stirling’s formula. O

3.5. The null-space H°

In view of Proposition 3.2, ///B is left as the odd set out. From (3.1) and (3.7) we compute
that

Yo (@) = (=D R (@)@ (o).
Furthermore, the functions
(iw+ DY (),

when viewed as functions of iw, have no poles in the left half-plane. Therefore .# are
annihilated on the positive real line by the differential operator (D + 1)*!. That is,

D+ D"y (1)=0 forevery > 0.
For this reason we refer to these functions as the null-space functions. The null space functions

have a symmetry property similar to that of the functions ., given by (3.14) and (3.15).

Proposition 3.4 (Null-space Symmetry). The null-space functions satisfy

wu mv(t)_( ]) 1Whmv( 1) and 1/[1) mv(w)_( 1) K”m u(w)
form=0,1,...,v
13
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Proof. Starting from (3.10), using the conjugate symmetry of Laguerre functions, and then
changing the order of summation gives

| v+1

A 1 ! v+ 1
Y (@) = 7 mz( )( D! Gyt gmsk(@)

k=0

v+1

1 v! (V + 1) k ~
= — (—1) (p—(u—m—k)—l(a))
V2 /@) g k

v+1

1 v!

! v+ kA
- 1
% Tzv)!g( L )( ) @) _ni(@)

1 ”*‘( v+
«/_«/21) v+1-—

k)( ])V—H kwv m—+1— k)(a))
v+1

f ,—(21) Z( )( 1)k —v—1+v— m+k(w)
_( 1) wv mv( )

which is the Fourier domain symmetry. The time domain symmetry is then obtained from
Fourier inversion. [J

= (-'—

Example 3.5 (Null-space Functions). The set //4? (i.e., v = 0) consists of the function
o V) = —e 7V

The set ,///10 (i.e., v = 1) consists of the functions

1 1
w8,1<r)=E<2re'1<,oo,o><r>+e""> and w?,l(r):—72<2te"1m,oo>(t)+e-"').

The set ,///20 (i.e., v = 2) consists of the functions

Y0a(1) = ——= (2= + D'l (1) — ™),

2
W

N -
Y ,@) = f(|t|+1)€ ,

Vo) = f( 20 + e L 00 (1) — 7).
Some null space functions are depicted in Fig. 4. Unlike the basis functions . depicted
in Fig. 1, the null space functions are supported on the entire real line. For d = |t —u|, a

Matérn kernel can be written as
Fos/a(t, u) = rop12(0, d) = Z Y, (O (),
m=0

where we have used (3.18) and the fact that the kernel p;", | s2(t, u) vanishes if 1 = 0 or u = 0.
Upon substitution of the expressions in Example 3.5 we obtain the well-known explicit forms
of Matérn kernels in terms of d, such as

d2
raptu) = +de ™ and  rsplt,u) = (1 +d+ ?>e_d.

14
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4. Expansions of the Cauchy kernel

The Cauchy kernel and its Fourier transform are

1 N
r(t,u) = m and P(w) = ne_“”‘. “.1)
The Cauchy kernel is thus a Fourier dual to the Matérn kernel of smoothness index o« = 1/2
(i.e., v = 0). In what follows this will inform the construction of an RKHS basis. A square-root

of ﬁﬁ(a)) is then given by
h(w) = ()2 = /7 e 112, 4.2)

4.1. Expansion in complex-valued Cauchy-Laguerre functions

In view of the Fourier dualism with the Matérn-% kernel and the fact that the Fourier
transform is an isometry from 4 (R) to £ (R, 1/2x), a straight-forward way to construct a
suitable basis of %5 (R) for Theorem 1.1 is to modify the Laguerre functions from Section 3.1
and consider the functions ./mw¢,(w/2). The Fourier transforms of these functions are an
orthonormal basis of % (R), so that Theorem 1.1 and (4.2) yield the RKHS basis functions

Un(@) = VT e VYT 0, (w0/2)

in the Fourier domain. Since their inverse Fourier transforms are complex-valued, we call these
functions the complex-valued Cauchy—Laguerre functions. For m € Ny, Fourier inversion gives

o]

1 [ . ‘
Yu(t) = 5 f €7|w|/2¢m(w/2)elwl dow = / e*\w\(pm(w)etht dw
—00

—00

o0 .
= / e g, (w)e'”* dw
0

o)
— / e—lwlgom(a))e—ta)(—Zt—l) dw
0

= @m(=2t — i)

1 (s

T /2t — 1y
Similarly, for negative indices we get

oo

1 [ ) ‘
w—m(t) = 5/ e—\w\/Zw_m(w/z)ezwt do = / e_|w|¢_m(w)etw2t dw
—00

—0Q

0
=- / e gn_1(—w)e'* dw

e}

00 .
— _/ e—\w\(pm_l(w)e—zaﬂz dw
0

00 . .
— _/ (pm—l(w)e_lw(Zt_l) dw
0

—@m-1(2t — )
1 Gy

V2 (it+1)"

15
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To summarise, the complex valued Cauchy-Laguerre functions are

1 @inym
Y(t) = _ﬁm for m e Ny, (4.3a)
1 )"
Yo (1) = —Eﬁ for m e N (4.3b)

They have the conjugate symmetry property
w:l(t) = _‘(/f—m—l(t) = wm(_t) fOr m € Z_

An expansion of the Cauchy kernel (4.1) in terms of complex-valued Cauchy-Laguerre
functions is thus given by

Pt u) =Y YY)

m=—0Q

This expansion is remarkably easy to verify by independent means since geometric summation
and conjugate symmetry yield

= 1 1
gwm(t)w’"(”) T 20— D(—iu—1)— tu
and
-1 o0 *
D U OYmu) = (Z w;;a)wm(u)) .
m=—00 m=0
Hence
Y vy =il L !
e T2 =i =) 214G —w) 1 —u)?

which indeed is the Cauchy kernel. An appropriate .%5(R, w) space in which the complex-
valued Cauchy-Laguerre functions form a complete orthogonal set remains elusive to us.
However, just as with the Matérn—Laguerre expansions in Section 3, the present expansion
is very good at origin since all but two terms vanish:

r,0) =Y YnOYm(0) = —(¥_1(1) + Yo()).

m=—00
4.2. Expansion in real-valued Cauchy—Laguerre functions

It would be desirable to obtain a real-valued basis for the Cauchy RKHS. This can be done
by scaling the real and imaginary parts of ¥, in a similar manner as was done for the Laguerre
functions in [4]. This gives the RKHS basis functions

1 * —_ _ *
%(wmmwmm) and ﬁmm—i ﬁ(x/fmm Y (1)) (4.4)

for m € Ny, where v, are the complex-valued Cauchy-Laguerre functions in (4.3). We call
the functions «,, and B,, the real-valued Cauchy—Laguerre functions. The binomial theorem

1
any(t) =

16
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F. Tronarp and T. Karvonen
(7% /Bm
1 "N 1
'I | mmme M = 0 —m =3
roo\ m=1 m =4
1
05 'l “‘ — 1), — m—5 05
) ’l \\ -
____,4' ”w:_‘_.\._ \,’ =
0 V/\V /,',\‘ 0
e | {;
~\~ 'I
—0.5 hatd —-0.5
-4 -2 0 2 4 -4 -2 0 2 4
Fig. 5. The real-valued Cauchy-Laguerre functions o, and B, in (4.4)
yields the explicit expressions
oy = LD " ’"Z“ D Gk (1 = <1y
mn 2 (2 + 1yn+!
4 - LEDan” ’”Z“ Dok (1 + 19
m 2 (t2 + I)Wl-‘rl s
which can be transformed into expressions of only real parameters by considering even and
odd m separately. This yields
(=1yme2m E2m+ 1 ‘o
m(t) = -1, 4.5a
&2 ( ) (l2 + 1)2m+l —~ 2k ( ) ( )
(_l)mt2m+l m 2m 42 ‘2]
1 (f) = B R 4.5b
@m0 = i 2 (a1 (-1 (4.5b)
(=D~ (2m+ 1 k 2k+1
—1)fertt, 4.5
1)2m+1 Z 2k +1 ) ( C)
(4.5d)

ﬁZm(t) (t2
( 1)m+lt2m+l m+l 2m 42 f ok
Ponen) = P ( ! >(—l)t |

An expansion of the Cauchy kernel (4.1) in terms of real functions is thus given by
(4.6)

Y D@+ Y Bu()Buw)

rt,u) =
m=0 m=0
At the origin, this reduces to the finite term expansion

r(t, 0) = ap(t)ao(0).
The basis functions «,, and S, and truncations of the expansion (4.6) are displayed in Figs. 5

and 6.
17
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1
0.8
0.6
(e, 1) n =11
0.4
N =3 seeeens n =21
—_— =0 =m===n =41
0.2
—1 —0.5 0 0.5 1 1.5 2 2.5 3

Fig. 6. Truncations an_:lo A (D)ot () + qu_:lo B ()Bm(u) of the Cauchy expansion in (4.6).

5. Expansion of the Gaussian kernel

The Gaussian kernel and its Fourier transform are
r(t,u) = exp(—%(t - u)2> and  P(w) = 2w e . (5.1)
A square-root is
h(w) = d(w)'/? = ) /*e
so that taking the inverse Fourier transform gives the function % in Theorem 1.1 as

h(t) = 2V =141, (5.2)

5.1. Expansion for the Gaussian kernel

As an orthonormal basis of %(R) we use the Hermite functions (for them being an
orthonormal basis, see [28, Theorem 5.7.1])

1 —12/2
(pm(t) = | W e H,(#) for m eNy. (5.3)

Here H,, is the mth physicist’s Hermite polynomial given by
Lm/2]

1Nk
H, (1) = m! Z k,(( )Zk)'( 20y, (5.4)

By Theorem 1.1, the functions

%) 1/2 00
Y (t) = / h(t — D)gpu(t)dr = <£> J ! / e~ o2y (1) dr
NS b4 2"m! J_s

form an orthonormal basis of the RKHS of the Gaussian kernel (5.1). Equation (17) in Section
16.5 of [6] states that

o0
¢ O~’H, (a1)dr = J7(1 —a?)"*H,, (L)
/—oo A/ 1 — (12

18
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Fig. 7. The first six basis functions ¥, in (5.5) of the Gaussian kernel (5.1).

for any reals s and a. Completing the square, doing a change of variables, and using this
equation yields

/ G )2 —1:2/2H (1) dt _\/7 —z2/3/ —(«/Tr 1:)2 (\/mf)

— 2n 3—m/2 —t2/3H <2t )
V'3 V3

We thus obtain the basis functions

232 / 2 2t
Iﬂm([) = ( 3 ) W@ Hm(ﬁ) for meNy (5.5

and the resulting expansion

Pt u) =y YY) (5.6)

m=0
of the Gaussian kernel in (5.1). Fig. 7 displays some of the basis functions.
Note that the basis functions can be written in terms of the Hermite functions (5.3) by using
the multiplication theorem

Lm/2]
H,(bt) = Y 6" — 1) (;{)%‘,)!Hm%m

k=0

for Hermite polynomials. Setting b = +/2 gives

() = S () e (F)
so that

yn(®) = (2://‘_>1/2\/TL§J 4kk'J(1:1721<(pm 2k(f;)

It would be interesting to be able to connect v, to the associated Hermite polynomials [2] like
the Matérn—Laguerre functions are connected to associated Laguerre functions in Section 3.3.

Remark 5.1. Observe that (both here and elsewhere) we have used a basis of % (R) that
is “compatible” with the kernel, having the same scaling in the exponential. That is, the
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Hermite functions in (5.3) have the exponential term e°/2 and the kernel is e~¢~""/2. For
any « € (0, \/5), the scaled Hermite functions

K
Omic(t) = | ———— e T"/H,, (k1)

2mm!/7
would yield the RKHS basis functions

172 m/2
Y (1) = V2N [ - K_2 / (-1 okt
m,k a? 2y a2 m azm )

where a® = 1+ «?%/2.

5.2. Mercer basis and Mehler’s formula

The expansion (5.6) that we derived for the Gaussian kernel by the use of the basis functions
in (5.5) can also be derived by setting

1 2t
p==-, x=—, and y=

[\
Wl <

in Mehler’s formula

o (p/2)" 22 1 dxyp — (1 + p2)(x> + y?)
> HnOH (e Rl e exp( RS )

m=0

and subsequently multiplying both sides by e~¢*+#*)/3_ This suggests that the expansion derived
in the preceding section is a special case of the relatively well known Mercer expansion of the
Gaussian kernel, which can also be derived from Mehler’s formula [9, Section 12.2.1]. Let
o > (0 and define the constants

1/4 2
B = <1+%> and  82= L (82— 1.
o 2

The Mercer expansion of the Gaussian kernel with respect to the weight function

wo,(t) — %e—oﬂﬂ
on the real line is
o0
Pt u) =Y tmaOma()m.a(), (5.7)

m=0

where

B az 1/2 m
Hme =\ 2y 2112\ 2+ 82+ 1/2

are the eigenvalues and

D) = f %e“*z’sz(aﬁt) (5.8)

the % (R, wy)-orthonormal eigenfunctions of the integral operator in (1.4). By requiring that
af = 2/+/3, so that the Hermite polynomials appearing in (5.5) and (5.8) have the same

20



F. Tronarp and T. Karvonen Journal of Approximation Theory 302 (2024) 106055

10°
10710

10—20

(-, 0) n =11
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10—40
Fig. 8. The Gaussian kernel (5.1) with ¥ = 0 and its truncated expansions in (5.9). For n = 3 and n = 11 the

truncated kernels become negative.

scaling, it is straight-forward to solve that

[ 2 2
wm = N Mm,« ﬁm,(x = W ﬂm,a when o= \/;,

which shows that the basis (5.5) is a special case of the Mercer basis. Results of some of the
above computations are collected in the following proposition.

Proposition 5.2 (Orthogonality of the Gaussian Basis). Let o = ~/2/3. The functions

[3m+1 [ 1 2t
) 1/fm(t) = 21/4 2m—n1’€_lz/3Hm <ﬁ> for m € Ny

form an orthonormal basis of (R, wy).

Although the Mercer expansion (5.7) has been known for some time, apparently originating
in [33, Section 4], all its derivations in the literature that we are aware of are based on Mehler’s
formula and integral identities for Hermite polynomials (the only detailed derivations that we
know of are given in [9, Section 12.2.1] and [10, Section 5.1]). The expansion (5.6) is therefore
the first Mercer expansion for the Gaussian kernel that has been derived from some general
principle, which in this case is Theorem 1.1, instead of utilising ad hoc calculations. The
relative simplicity of the basis functions (5.5) and the fact that the Hermite functions (5.3)
have the same exponential decay as the kernel suggest that the choice o = V'2/3 for the
standard deviation of the Gaussian weight w, may be in some sense the most natural one.
More discussion on the selection of @ may be found in [8, Section 5.3].

5.3. Truncation error

Define the truncated kernel

n—1
ralt, 1) =Y YOV (1) (5.9)

m=0
for any n € N. A few truncations are shown in Fig. 8. The truncated kernel converges to the full

Gaussian kernel r pointwise on R x R. The following proposition shows that the convergence
of (5.9) to r is exponential in A(R x R, wy, ® wy).
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Proposition 5.3 (Gaussian Truncation). Let « = ~/2/3. For every n € N it holds that

00 poo 1/2
(/ / (r(t,u)—rn(t,u))2wa(t)wa(u)dtdu> =

Proof. As in the proof of Proposition 3.3, we get

1
2 3

-

f / (r(t, ) = 1, W) wa(Dwa () dr die = Y [P o

By Proposition 5.2,

= 4 = 4 11
Z 19 0 = Z_: it =5 on

This completes the proof. [J

6. Conclusion

In this article, we have demonstrated that Theorem 1.1 is a simple and powerful tool for
constructing orthonormal expansions of translation-invariant kernels. In particular, using the
Cholesky factor of the Fourier transform of the kernel together with the Laguerre functions led
to an interesting decomposition of the RKHS of the Matérn kernel for half-integer smoothness
parameters in terms of a finite dimensional space and a Hilbert space of functions vanishing
at the origin. This might be deemed unsatisfying, and a possible avenue to obtaining basis
functions for Matérns in a common space would be to investigate constructions based on the
symmetric square-root. The expansion for the Cauchy kernel was derived from the Fourier
duality with the Matérn kernel of smoothness o = 1/2. It remains an open problem to find
a weighted % space in which the Cauchy basis functions are orthogonal. For the Gaussian
kernel, our construction is a means to reproduce certain Mercer expansions that are typically
derived from Mehler’s formula.
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