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Abstract—Stochastic stability results for the extended Kalman
filter and some other non-linear filters have been available for
some time now. In this context stochastic stability refers to mean
square boundedness of the estimation error. In this article we
use Fourier-Hermite series expansion to derive novel stability
results for general discrete-time non-linear Kalman filters that
can be interpreted as numerical integration rules of Gaussian
integrals arising from moment-matching. We also provide an
upper bound for the Kalman gain matrix that is not explicitly
dependent on the measurement model Jacobian, eliminating thus
the need to assume boundedness of this Jacobian. Furthermore,
we formulate the system non-linearity assumptions so that it is
possible to verify them when the model functions are Lipschitz
continuous. We use these results for a priori assessment of the
stability of a univariate non-linear filter and verify the results
numerically.

I. INTRODUCTION

It has been long known that the celebrated Kalman filter
possesses strong exponential stability properties when the
underlying dynamic system is linear (see [1] and [2]). However,
stability properties of different non-linear extensions of the
Kalman filter have begun to receive some attention only during
the past 15 years. The first results of some generality were
derived by Reif ef al. [3] for the discrete-time extended Kalman
filter (EKF) and later somewhat generalised by Kluge ef al. [4].
These results provide mean square estimation error bounds with
regrettably restrictive assumptions that are rarely verifiable. A
major drawback is also that in practice stability can be assessed
only after the filter has been run, not beforehand as would
be desirable. The proofs are based on the use of a simple
stochastic Lyapunov type lemma, frequently termed stochastic
stability lemma (see Lemma 3), the very nature of which seems
to be somewhat unsuitable for obtaining strong results [5].

With the help of residual-correcting random diagonal ma-
trices [6], the same approach was shown to be applicable to
the unscented Kalman filter (UKF) with linear measurement
model by Xiong et al. [7] and later extended to systems with
non-linear measurement model as well as a wider class of
certain non-linear Kalman filters [8]-[11]. One problem with
this approach is that instead of quantitative estimation error
bounds such as those obtained for the EKF, only qualitative
results about the effect of noise covariance matrix tuning [12]
can be obtained. UKF stability has also been studied with
interesting contraction theoretic methods by Maree et al. [13].
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With minor modifications, the stability results have been
extended for a number of different filters similar to the EKF
or the UKF, see for example [14] and [15]. The continuous-
time case has also been investigated (see [16] and [17]) with
methods analogous to those used in the discrete-time case.
Results have been applied to a few problems [18]-[20] but
such applications are challenging presently.

In this article we use Fourier—-Hermite series expansion to
analyse non-linear Kalman filter stability. We use this expansion,
coupled with the interpretation of non-linear Kalman filters
as numerical integration rules for Gaussian integrals [21], to
derive stability results for a wide class of non-linear filters.
Our other contributions include elimination of the unintuitive
assumption of boundedness of the measurement model Jacobian.
We also give a practical example of rigorous a priori stability
verification of a non-linear Kalman filter. We control the
non-linearities of the system slightly differently from how
they have been controlled before. This imposes some new
conditions (while removing others) on the non-linearities but
makes it easier to verify that the systems considered satisfy
these conditions. We find the Fourier—Hermite expansion based
results of this article more powerful, applicable, quantititative
and more intuitive in derivation than the Taylor series and
random matrix approach in [8] and [9].

Throughout this article ||-|| denotes the usual Euclidean norm
of vectors or the spectral norm of matrices and ||-||, the L?
norm of random variables. Expectation is denoted by E and
covariance matrix by Cov. For symmetric square matrices
A >B (A > B) means that A — B is positive-definite
(positive-semidefinite). This partial ordering of symmetric
matrices is known as Lowner ordering and it exhibits some,
but not all, of the familiar properties of the ordering of real
numbers (see [22, Chapter 8]). The identity matrix is denoted
by I. The element of a matrix A on ith row and jth column
is denoted by A; ; or [A]; ;. Similarly, the ith component of
a vector x is x; and that of a vector-valued function f is f;.

The article is structured as follows. In Sections II, III and IV
we provide the necessary preliminaries for stability analysis and
introduce our notation and terminology of non-linear Kalman
filters. Sections V and VI include proofs of stability. A rigorous
univariate example is given in Section VII. Finally, conclusions,
with some discussion, are drawn in Section VIII.



II. FOURIER-HERMITE SERIES EXPANSION

This is a very brief summary of properties of multidimen-
sional Hermite polynomials and Fourier—Hermite series. For a
fuller and more detailed treatment, see for example [23]-[25].

Multidimensional Hermite polynomials, orthogonal with
respect to A/(0,I), are defined as

ak
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for x € RP. For notational simplicity in forming a
Fourier-Hermite series with respect to any Gaussian dis-
tribution A/ (m,P), we denote scaled versions of Hermite
polynomials by Hp;, . ;1(x;m,P) :=Hp, ;4 [L~ ! (x—m)],
with L = /P. Then, any function g: R? — RY, square-
integrable with respect to N (m,P), can be expressed as a
Fourier—Hermite series
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where x ~ N (m,P), Jg(x) is the Jacobian matrix of g
at x and wy [g(x), m, P] is the second order remainder term
of this Fourier—-Hermite series expansion. Furthermore, by
orthogonality and Parseval’s identity we have the simple
covariance equation
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III. NON-LINEAR KALMAN FILTERS

In this article we consider discrete-time stochastic dynamic
systems of the form

xp = f(Xp—1) + Qr—1,

2
v = h(xg) + g, @

where x; € R" is the state of the system and y, € R™
the measurement. The function f: R” — R"™ is the dynamic
model function and h: R — R™ the measurement model
function, both assumed differentiable. The noise processes are
distributed as qx_1 ~ N (0,Qy_1) and ry ~ N (0,Ry) with
the noise covariance matrices Qx_1 and Ry positive-definite.
It is assumed that the noise processes are uncorrelated and
independent of the initial state xo ~ p(Xg).

The system admits the optimal Bayesian filter, the predictive
distribution and filtering distribution given by the Bayesian
filtering equations [26, Theorem 4.1]. In general those equations
are intractable and approximative schemes must be used. A
natural way to obtain such an approximation is to assume that

the predictive and filtering distribution are Gaussian and employ
moment-matching. This approach yields the exact non-linear
Kalman filter [26, Chapter 6] of Algorithm 1.

Henceforth expectations with respect to A (my, Py) and
N(m, , P, ) are denoted by E;, and E,, respectively. Analo-
gous notation is adopted for covariance matrices. The following
notation is employed throughout this article:

Fj. = Ex[Je(x)),
Hy, = E; [In(x)],
of =, (wz [f(x), my, Piws [f(x),mk,Pk]T> ,
QE =K, (wg [h(x),m;,P;]wz [h(x),m,:,P,:]T) .
With this notation
Covi[f(x)] = FyPLF] +QF
Covy, [h(x)] = H; P, H} +QF, ®

where it is to be noted that Qi and Qi‘ are positive-semidefinite.

In the following filtering algorithm Qk—l and f{k are some
positive-definite matrices that need not equal the noise covari-
ance matrices Qj—1 and Ry. Appropriately selecting Qj—1
and Ry, is referred to as funing [12]. Magnifying these matrices
often leads to improved stability properties with the drawback
of degraded estimation accuracy [7]. Unfortunately, a thorough
discussion of this tuning is out of the scope of this article.
With the help the Fourier—Hermite series the exact non-linear
Kalman filter algorithm can be written in the following form.

Algorithm 1 (Exact non-linear Kalman filter). The exact non-
linear Kalman filter for the non-linear system (2) approximates
predictive distributions and filtering distributions with Gaussian
distributions N'(m, , P, ) and N (my,, Py,), respectively. The
parameters of these distributions are computed recursively by
the prediction step

= Er—1[f(x)],
= Covj_1[f(x)] + Q1
=F, 1P, Fl_ + 0+ Qi
=F1 P FL o+ Qp
and the update step
S). = Covy [h(x)] + Ry
— H:P_H} + Q! + R,
= H,P;H} + R,
K}, = Covj, [x,h(x)]S; "
=P H[S, ",
m; = m; + K (yr — E; [h(x)]),
P, =P, — K;S;K].

m,,
P,

The recursion initial distribution

N (myg, Py).

The equality Kj = P;stgl for the Kalman gain
matrix follows from the well-known Stein’s identity, see for

is started from the



example [27]. Although P, and P;, are not the real predicted
error covariance and error covariance, respectively, they will
be called such in an analogy to the linear filtering problem.

Because Ex[f(x)], Ex[h(x)] and (3) cannot be in most cases
computed analytically, further approximations are necessary.
The class of filters employing different approximations to
these Gaussian integrals is variedly known as the class
of non-linear Kalman filters, Gaussian filters [28] or local
filters [29]. This class includes, for example, the sigma-
point based UKF, Gauss—Hermite Kalman filter based on
classical Gauss—Hermite quadrature and the Fourier—Hermite
Kalman filter [25] that merely truncates 92 and Q}C‘.l In these
algorithms the expectations and covariances are replaced by
their numerical approximations, indicated in this article by a
tilde (e.g. E, [h(x)] and Covj_;[f(x)]). Of course, for these
approximate filters the Fourier—Hermite series or Stein’s identity
cannot be used to obtain expression for covariance matrices
and Kalman gain reminiscent of those of the linear Kalman
filter as in Algorithm 1.

IV. STOCHASTIC STABILITY

Stability of a non-linear filter in this article is taken to mean
boundedness of mean square estimation error.

Definition 2. A stochastic process & € R™ for k > 0 is
said to be bounded in mean square if there is a non-negative
scalar M such that ||£|, < M for all k.

The following lemma is usually called stochastic stability
lemma. Our version is an amalgamation of the versions
in [31, Theorem 2] and [32, Satz IX.9]. In fact, in our
formulation the lemma has nothing to do with stochastics
and the stochastic processes involved could be, with no further
modifications, replaced with sequences of real numbers.

Lemma 3 (Stochastic stability lemma). Let &, € R", for
k >0, be a discrete-time stochastic process. Suppose there is
a scalar-valued stochastic process Vi, positive scalars vi, vs,
wand e, and 0 < o < 1 such that

(Al) The inequalities
vt 1€k l3 < E(Vi) < ve [|€xll5

hold for all k > 0.
(A2) The bounds

’1)182 Oé’l)1€2

2
€ollz < 5 —

hold.
2’02 ¢

and p <

(A3) The inequality

E(Vit1) < (1 - )E(Vi) +p )

'Note that a strict interpretation of our definition does not include, for
example, the EKF although it is of the exactly same form because it is based
on approximating the non-linear functions f and h themselves, not the means
and covariances. However, the proof of Theorem 4, our main result, works
also for the EKF. In fact, the EKF can be interpreted as a sigma-point filter
that uses only one point [30].

holds if ||€ |, < <.
Then &y, is bounded in mean square by e.

Proof: The proof is by induction. Since ||§o|l, < € by
Assumptions (A1) and (A2), we have

E(V; E(V;
ez < BV g - B0 ke
U1 (% U1
52 OZE2
<(l—a)— +— <2
<( a)2+ 5 <€

Suppose then that ||€;||, < e for 0 < ¢ < k — 1. Then, by (4)
and properties of geometric sum,

k-1
Jeull < (1 - ) 200 4 £ 57— at
i=0

U1
< )82 NI
o) — o+
- 2 voa
and therefore the claim holds. |

It is often claimed that also almost sure boundedness
(i.e. supsq ll€x]l < oo almost surely) follows from the
assumptioﬁs of this lemma (see e.g. [3] and [4]) on the basis
of [33, Section 4.1, Theorem 1] when (4) is replaced with
an analogous inequality involving conditional expectations.
However, as has already been noted [34, Lemma 8], this claim
is not strictly true.

V. STABILITY OF THE EXACT NON-LINEAR KALMAN
FILTER

In this article the stability of non-linear Kalman filters is
studied using the Fourier—Hermite series expansion of f and h.
Based on the expansion (1),

f(Xk) — Eg [f(X)] = Fk(Xk — mk.) + wo [f(xk.), my, Pk],
h(xy) — E; [h(x)] = Hy(xp — my) +wa[h(x;), my Pyl
Using the non-linear Kalman filter equations of Algorithm 1,

the predicted estimation error §;, ‘= x;, — m, can be then
written recursively as

&)

and the relation between this and & := x; — my, the estima-
tion error, is

gk = Aké‘]; = Kyry, — Kywo [h(xk)7 ml;7 PI;]>

&1 = FrAkgy, +pr + 0k,

(6)
where

Ay =1-K;Hy,
pr = wa[f(x;), my, Pr] — FrKwa [h(xg), m; , Py ],
or = qr — FrKgry.

For convenience, the notation ¢ = wo [f (xk), my, Pk] and
Xk = Wo [h(xk), m, Pﬂ is used for the remainder terms of

2This may be a delicate point. We are not making a circular argument of
proving ||€x|l, < € by assuming the same thing. What we assume here is
that we know a priori that the inequality (4) holds only for those &k for which
ll€x|ls < e. Combining this with the other assumptions then leads to the
conclusion that |||, < € for all k > 0.



Fourier-Hermite series and IIj, := (P} )~! for the inverse of
the predicted error covariance matrix.

Theorem 4. Consider the non-linear dynamic system (2) and
the exact non-linear Kalman filter of Algorithm 1. Suppose
that the following conditions hold:

(Al) There exist positive scalars f, §', ¥, py, p; and pa such
that
[Fr-1ll < f,
(1< Qj_;, PI<Rj,
pi I<P, <p, I, Pr_1 <pol
forall k > 1.

(A2) There exist non-negative scalars kyp, K
that

+ +
o Fix and Ky such

lpr-1lly < rg llxk—1 — mp_1ly + g,

Ixklly < fx ek — oyl + iy

forall k > 1.

Then, given any € > 0 for which ||€7 ||, < €, there exists § > 0
such that the conditions Qy, Ry < 621 guarantee that the
predicted estimation error £ is bounded in mean square if

K, /1‘;, Ky and n;g are sufficiently small.

Remarks:

(1) The assumption P < poI is only for obtaining less
conservative bounds since P, < P, anyway. Similarly,
P, has the trivial lower bound P; > (j’ I which is non-
optlmal unless f is small compared to ¢'.

(2) In practice, the lower bounds for Q); -1 and Rk are those
for the tuning matrices Qk 1 and Rk

(3) This theorem could be easily extended for systems with
non-additive noise and intermittent observations as has
been done for the EKF [4].

(4) With minor changes the proof is applicable to the EKF
as well.

(5) Assumption (A2) is satisfied by Lipschitz functions, for
if g is such a function and L = Lip(g) its Lipschitz
constant, then it can be easily shown that

|w2[g(x), m, P]||, < 2L ||x — m]||, + L |P||.
(6)

Assumption (A2) is usually given in a form that contains
an exponent 1 < v < 2 on the right-hand side (as well
as lacking the constant term) instead of v = 1 here. Such
an assumption provides stronger stability results but we
have not found a way to actually prove that there exist
non-linear functions for which this assumption holds.
Because the matrices in Assumption (A1) are random,
some LP boundedness condition combined with Holder’s
inequality could be used in the proofs to follow.
(8) An upper bound for Ay is needed. A bound independent
of Hy can be obtained by noting that Py = AP, and
so [[Ag|l < p2/py = A
The proof utilises a few lemmas. Lemma 5 provides an upper
bound for K}, independent of Hy, a bound we have been unable

(7

to find in the literature (see [35] for a bound involving the
ratio of singular values of Hy). Lemma 6 follows an analogous
lemma in [4] and Lemmas 7 and 8 are based on the ones in [3].

Lemma 5. Under the assumptions of Theorem 4, for all k > 1

2

\/p17’

Proof: Tt suffices to show that all eigenvalues of K-erk
remain uniformly bounded. It can be seen that

1Ky < =K.

)

~ —1
KJK), = (HkP;HZ +R;€) H, P,

-1
< P, HI (HkP,;H; + R;)

IN

—~ —1
(r2)* (HePLHT + ;) Hy
—~ —1
x HI (HeP HT + R}
< )’
by
« (P HT + f{;)

~ -1 =
(HkP,;Hg + R;) (HkP,;Hg + R;)

-1

—

<

—\2
ra)y,
p
which implies the claim. The second inequality follows because
p1I < P implies that HyH] < H,P_ H] /pi. |
The bound is not probably the strictest possible as for scalars

one has
P Hy
H2P, + R,

P
= 8
i (8)

s
HipeR
a bound we have found to be supported by numerical evidence

also in higher dimensions.

Lemma 6. Under the assumptions of Theorem 4 there exists

0 < o <1 such that
A.—]!:—F—’!:Hk_i'_leAk S (1 - O/)Hk

for all k > 1. The constant o is given by o = ¢’ /(f?p2 + ).

Proof: Let a > 1. By the definition of P, and the
assumptions of Theorem 4,

"/

- f2 ©)

P;,, =F.P,Fl + Q) > < ) F,P.F].

The Joseph form [36, p. 108]
P, = A PL Al + KR K]

~l

and (9) yield
q

e > 1+
i < af?ps

Then, [4, Lemma 6.1] implies that

) F.A P, AF,.

2
a
72f P2 I,
afips+q

Since this holds for every a > 1, the claim follows. |
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Lemma 7. Under the assumptions of Theorem 4 there exist
non-negative scalars fif for 1 < i <6 such that

E (PZHkH [2Fc AE; + pi] )

2 _ _
< 8] €5 115 + K5I 11€ I, + R5O? + K €5 11,
+ KBS + Kb
forall k > 1.
Proof: By (6) and the assumptions of Theorem 4,

1€klly < (A+ Kry) 1€ (I, + Kvmd + Krf,  (10)
and hence
oklly < llexlly + IFL KXk,
< g |€klly + K frx 1€ Il + ’f; "‘Kf"ﬁ;
< (Akg + Krixrip + K frx) 1€
+ KkipV/mb + k5 4 (kp + [) K
= k1 [[€; |l + K2d + Ky (11)
Now,
E(PZHkHPk)

1 2 -
< (el + 30+ 2+ 2amad gy 12)
1

+ 21k €5 I, + 22r16)

and utilisation of the Cauchy—Schwarz inequality yields

2F ({1 FiAEy, )

2Af
= oul, lex

Py 2 k112

2Af _ 2 _ _
2L (k€7 15 + ma0 il + s 1€ 1 ) -
by

By combining inequalities (12) and (13) we get the claim. W

IN

13)

IN

Lemma 8. Under the assumptions of Theorem 4 there exists
k% > 0 such that for all k > 1

E (U-]L—Hk+10'k) < K62,

Proof: Since the noise terms are uncorrelated, all cross-
terms vanish in

E (all’[kﬂak) =E (qgﬂkH%)
+E (rZKZF};Hk+1FkKkrk) -

Therefore, because both sides are just scalars, trace operations
produce the bound

2
1 1 5
<—E (tr quk) + - fo E (tr rZrk)
Y41 r by

2
1 1 o
= —trQr+ (fp2 > tr Ry
r p

P

<L ( <fpzt)2m) ’
T

E (aZHkak>

P

|
With these lemmas we are in a position to provide a proof
of Theorem 4.

Proof of Theorem 4: The idea of the proof is to apply
Lemma 3 to the process &, . Choose a stochastic Lyapunov
function Vi = (£, ) IIk&, . Assumption (A1) of Lemma 3 is
satisfied with v; = 1/p; and vy = 1/p7].

Now, using the predicted estimation error recursion (5) and
grouping the terms appropriately, one obtains

Visr = (§)TALFIIL 1 FrALE,

+ pr 1 (2FLAREL + pr) + o Iiyi0y,
+ 20 M1 (FuALE; + pr).

(14)

By independence, the last term on the right-hand side vanishes
when expectations are taken. The three remaining terms are
evaluated by Lemmas 6-8. For k£ > 1, this yields the inequality

E(Vi1) < (1— ) )E(Vi) + #2 €5 |12 + w80 [1€5 |l

+ (K 4+ K%)0% + KB ||€; ||, + k2O + KB (13)
3 4 185 Iy + K5 6

If K < a'/py B with 3 > 1, then

/B_

E(Vi+1) < <1 -

+ (K + %)% + KGE + KE

1
o/) E(Vi) + (k58 + K£)6

whenever [|£, ||, < &, with £ any positive scalar. Thus Lemma 3
implies that the predicted estimation error is bounded in mean
square by € if

— 22
_.2 D€ o «
€705 < ==, K< —
the 2py ! P B
and
(B—1)a’&?

(KOE+ KE)S + (K8 + k)62 + whE+ KE < . (16)

2py B
Because «/ and k% do not depend on ¢ and x4,k — 0
as fa;,n; — 0, (16) may hold only if /q;, n; and § are
sufficiently small.

Inspection of inequalities (12) and (13) and substitution
of the values of A and K shows that the upper bound
k? < o/ /p; B implies the inequality

Py [ P2k | Py kixKe | Dy [hy
pro\ P Vpr o Vpri
« [ P2fe | P2rxfe | p;f_"ix L 2t (17)
251 Vpy 7’ Vpy 7’ o5
O{/
S — < 17
g

which can only hold if x, and x, are significantly smaller
than one. u



VI. STABILITY OF APPROXIMATIVE NON-LINEAR KALMAN
FILTERS

As explained in Section III, an approximative non-linear
Kalman filter uses numerical integration to compute the means
and covariances if they cannot be evaluated analytically. This
section sketches a stability proof for any such filter based on
the one in the preceding section.

Consider any approximative non-linear Kalman filter. The
predicted estimation error recursion (5) for such a filter can
be written as

€op1 = FrAREy, +pr + 0k + 7k, (18)

where the additional term T incorporates the errors due to
numerical integration:

f h
Tk = €, — FkKkek,

with ef and e} the integration errors

e, = Ex[f(x)]

— E; [h(x)

By h(x)].

Eal=ai

e

Advantageous forms for covariance matrices can be obtained
in a similar manner, namely

P} = Covp_1[f(x)] + CL | + Qu_s
=F, Py Ff  +Qf  +Q . +CE_,
Sk = Cov;, [h(x)] + C! + Ry,
— H,P, H] + QP + R, + CI,
where
Ch_, = Covi_1[f(x)] — Covi_1[f(x)],
CP = Cov,, [h(x)] — Covy [h(x)].

It cannot be guaranteed that C! | and CI are
positive—sAemideﬁnite. However, Positive—deﬁniteness of
Q_y + Qi1+ Cj_; and Q} + Ry, + Cj, necessary for
carrying out the stability proof, can be guaranteed if Q1
and Ry, are chosen large enough. In practice this means that
0271 and C}C‘ need to remain bounded.

Similar reasoning cannot be applied to the approximated
cross-covariance (%:/k [x,h(x)] but this would be in fact
unnecessary and it suffices to assume this matrix uniformly
bounded. However, since éa/k [x,h(x)] = P, H] does not
hold generally for approximative non-linear Kalman filters,
it cannot be concluded that P, = AP, in this case.

Consequently, the bound ||A|| < 1+ ||K;Hy|| has to be used.

This requires the unfortunate assumption of bounded Hy.
With this notation, we have the following more general
theorem on stability of non-linear Kalman filters.

Theorem 9. Consider the non-linear dynamic system (2) and
any approximative non-linear Kalman filter as formulated in
Section III. Suppose that the following conditions hold:

(A1) There exist positive scalars f, h, p1, py, P2, g, c and
o such that

[Fral < f,
P I<Py <py 1,
[|Covy, [x,h(x)]|| < g,
GeI <Qf_ + Qi1+ Ci_y,
Fel < QP + R, + CP,

[Hy[| < R,
Pk—l SP2L

19)

for all k > 1.
(A2) There exist non-negative scalars € and €® such that
£ £ h h
ler_1ll, <& and |legll, < e forall k> 1.
(A3) There exist non-negative scalars k., tiy and K35 such
that

+
HJ‘P’

ln—1lly < kg lIxp—1 — Mg 1|y + K5,
Xkl < fx Il — g [l + k5

forall k > 1.
Then, given any € > 0 for which ||§1 ||, < €, there exists § > 0
such that the conditions Qp, Ry < 6%1 guarantee that the
predicted estimation error £ is bounded in mean square if
K, /i:;, [ n;, et and € are sufficiently small.

Proof: The proof goes as that of Theorem 4 and accompa-
nying lemmas. That the proof of Lemma 6 is identical follows
from (19) and the proofs of Lemmas 7 and 8 require only
minor tweaking of the upper bounds.

The proof of Lemma 8 includes a few modifications. First of
all, the constant A is this time 1 + gh/7c. Secondly, because

Ek = Ak&]: — Kkrk — kag [h(Xk), m,;, P;] + Kkef,

additional terms that include ™ will appear in the upper bound
of the lemma.

By (18), Equation (14) for the stochastic Lyapunov function
now includes some additional terms containing 7, and not
vanishing when the expectation is taken, namely

21 g1 (FrAREy + pi) + 7Ty

As in Lemma 7, these can be bounded from above by

2E (T-Icrnk+1 [FrArE, + Pk])

h
<gf+fg€ ) <H1+f+ fﬁh) €51l
C rc

2 h
+ — <€f + f?€> K0
Dy rc

2
f_h h
E (Tlnkﬂ’l’k) < % (Ef)Q N 2fge'e N <fge )

and

P e o

with x; and ko analogous to those in (11). These terms then
appear on the right-hand side of (15) and, with £f, P, &, Ko
Ky and /1;(" sufficiently small, Lemma 3 can be applied. ®



VII. A NUMERICAL SIMULATION

This section provides an example of a stable non-linear
Kalman filter for a one-dimensional system. Stability of the
filter is verified before any measurements have arrived. Appli-
cation of Theorems 4 and 9 is difficult in higher dimensions
because of the difficulties in obtaining upper bounds for P,
and Pj. As such, the numerical simulation here illustrates
conservativeness of our theoretical results.

Consider the system (2) in univariate setting with functions
f and h of the form

fx) =arx+ gs(x),

h(z) = apz + gn(x),
where a; and a;, are some constants and gy and g; some
Lipschitz functions such that hy := inf, g h'(z) > 0. We use
the exact non-linear Kalman filter presented in Algorithm 1.
Now, by Chernoff’s inequality

E[f'(2)]"P < Cov[f(x)] < E[f'(2)°] P,

where z ~ N (m, P) (see e.g. [37]). We therefore get

Py = Covi1[f(2)] + Qrr
< Epo1[f/(@)) Pt + Qi
< Lip(f)?Pi-1 + Q1.
Note that a multi-dimensional form of the latter inequality does

not regrettably hold (see [38] for similar matrix inequalities).
Chernoff’s inequality also yields the error covariance bound

T
po=|1- Ey [h(x)} Pk,A P
Covy, [h(z)] + Ry
<1

Hence upper bounds for P, and Py are given by the upper
bounds sup~q Var(zy | y1:x) and supysq Var(zk | yi:r-1)
of the linear Kalman filter variances for the system

_ MP _
WP+ Ry ) "

xy, = Lip(f)er—1 + qk—1,
Yr = hixg + 5.

The steady-state Kalman filter prediction variance P~ of this
system can be easily calculated. When the non-linear filter is
initialised such that P;” < P~, we obtain the upper bounds
py =p2=P".

For a numerical simulation we use a modified univariate non-
stationary growth model (see e.g. [39]) with linear measurement
model

Tp

= Ci
Tpt+1 = T + 1+xi+qm

Ye+1 = Hxpqp1 + 141,

(20)

where C is a positive constant, H = 2 and gy, rx+1 ~ N(0,5?)
with § to be determined. For this model Lip(g¢) = C' so x,, and

/1:; are obtained by Remark (5) after Theorem 4 (by linearity

0.3

0.2 _p°

Non-optimised C
= Optimised C'
= = = Non-optimised § =
- = = = Optimised ¢
\
1 2 5 10
Measurement model derivative H

Value of C or §

0.1}
g

0.05

Fig. 1. The effect of increasing the measurement model derivative H on
maximal C' and § for the system (20) with and without univariate optimisation.
The value of H used in the example simulation is marked with grey. For most
values of H < 1 stability of the filter cannot be guaranteed.

Ky = K =0). We set p;” = Qi = §k+1 = 1. The parameters
£ and € of the proof of Theorem 4 are set as § = ¢ = 2. By
testing different values of C' we find that inequalities (16)
and (17) hold for C' < 0.028. This value yields P~ ~ 1.22,
d <0.2004 and ||€7 ||, < 2p; /p; ~ 1.64. We can conclude
that the predicted estimation error obeys the bound [|§, ||, < 2
if C =0.028, ||€7]], < 1.64 and gx, r+1 ~ N(0,0.20042).
Note that we have used the general upper bounds derived in
the course of the proof of Theorem 4. Some of these bounds
can be replaced with ones optimised for the univariate case.
Using (8) instead of (7) and A = 1 yields C' < 0.040 and
0 < 0.186. Figure 1 illustrates the effect of increasing H.
However, filtering a large number of simulated realisations
over 200 time-steps with zyp = my = 0 and minimal initial
uncertainty results to maxi<x<200 [|€}, ||, = 0.22. Theoretical
results derived in this article are thus somewhat conservative.

VIII. CONCLUSIONS AND DISCUSSION

We studied mean square boundedness of estimation error of
non-linear Kalman filters that use Gaussian approximations to
the true filtering distributions and match the first two moments.
The analysis was done with the stochastic stability lemma,
the staple of non-linear Kalman filter stability analysis, and
Fourier—-Hermite series expansion, better suited for the Gaussian
integration approach than the customarily employed Taylor
series expansion.

We were able to discard the non-intuitive assumption of
bounded measurement model Jacobian for the exact non-linear
Kalman filter, this result applying also to the EKF. In order to
perform rigorous stability assessment beforehand our emphasis
was on models with dynamic and measurement model functions
Lipschitz continuous. Our results do not require small initial
estimation error; this is instead a tunable parameter. However, as
seen in our univariate numerical example, constraints imposed
on non-linearity of the system are severe and the resulting error
bound rather conservative. Application of the results remains



challenging, this being mostly attributable to the difficulty of
proving boundedness of the filter error covariance matrices.

We find two points in the present methodology that particu-
larly call for improvement. The inequalities used in the proof
of the main results, specifically those in Lemma 7, are very
crude. Especially unintuitive is the bound (10) as it is usually
expected that the error diminishes over the filter update step.
Secondly, in bounding the filter error covariance matrix some
new innovations are required.

Stability of non-linear Kalman filters is intimately dependent
on stability properties of the corresponding optimal Bayesian
filter [26, Theorem 4.1] because mean square boundedness
of £, implies that of the optimal filter covariance. In future
research application of ideas and concepts of optimal filtering
stability theory (see e.g. [40]) should be attempted in the
context of non-linear Kalman filters.
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