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Abstract—Most Kalman filters for non-linear systems, such
as the unscented Kalman filter, are based on Gaussian approxi-
mations. We use Poincaré inequalities to bound the Wasserstein
distance between the true joint distribution of the prediction and
measurement and its Gaussian approximation. The bounds can
be used to assess the performance of non-linear Gaussian filters
and determine those filtering approximations that are most likely
to induce error.

Index Terms—Kalman filtering, Gaussian filtering, non-linear
filtering, Wasserstein distance, Poincaré inequalities

I. INTRODUCTION

HE Kalman filter and its non-linear extensions have been
T ubiquitous tools for estimating the latent state of partially
observed state-space Markov models since the 1960s. Their
applications include, to name but a few relatively recent ones,
various types of tracking such as vision-aided [1] and pedestrian
tracking [2], elimination of noise from brain imaging data [3],
and simultaneous localization and mapping [4].

The Kalman filter is the optimal linear estimator in the mean-
square sense when the system is linear Gaussian [5]. Moreover,
under natural observability and controllability assumptions
the linear Kalman filter exhibits strong exponential stability
properties; see [6], [7], and [8, App. C]. However, useful
theoretical results for popular extensions of the Kalman filter
for non-linear Gaussian systems, such as the extended and
unscented Kalman filters, have proved far more elusive. While
Lipschitzianity assumptions suffice for understanding the propa-
gation of the filtering distribution through the system dynamics,
the update step in which the distribution is conditioned on new
measurements is much more difficult to analyse—even over
one time-step. Accordingly, most error analysis for non-linear
Kalman filters requires essentially unverifiable assumptions on
error covariances and other filtering quantities (e.g., [9]-[11])
or assumes that the measurement model is linear [12].

Many non-linear Kalman filters are based on the idea of
Gaussian moment-matching. These Gaussian filters replace
all distributions that occur in filtering with moment-matched
Gaussians that are far easier to operate with; we defer a detailed
description to Section II. To moment-match one has to compute
integrals that are rarely available in closed form. This has
given rise to a class of non-linear filters that combine Gaussian
moment-matching with numerical integration (see [13] and [14,
Ch. 8]). The unscented Kalman filter is undoubtedly the most
popular member of this class of filters.
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A. Prior work and contributions

In this article we study the accuracy of Gaussian filters over
one time-step. The only prior work on assessing the effect
of moment-matching we are aware of is by Morelande and
Garcfa-Ferndndez [15]. By assuming a prediction distribution
X ~ N(m,P) (ie, X is a Gaussian random vector with
mean m and covariance P) and a non-linear measurement
model Y = h(X) + V, where V ~ N/ (0,Xv), they compute
that the Kullback—Leibler divergence between the moment-
matched Gaussian approximation Z = (X,Y) and the true
joint distribution Z = (X,Y) is!

D (Z || Z) = %log [det (I+ 25" [Cov[Y] —Zv o
— Cov(X,Y)™P~" Cov(X,Y)])].

However, since the Kullback—Leibler divergence is not a
metric, it is difficult to incorporate other errors, such as
those propagated from previous time-steps or due to numerical
integration in an unscented Kalman filter.

The aim of this article is to obtain upper bounds like (1) but
in terms of the Wasserstein distance (see Section III) rather
than the Kullback-Leibler divergence. To bound the Wasser-
stein distance between a non-linearly transformed Gaussian
distribution and its moment-matched approximation we use
recent second-order Poincaré inequalities, to be reviewed in
Section IV. In Section V, we derive an upper bound, given
in Theorem &, for the Wasserstein distance between the true
joint distribution of the prediction and measurement and that
produced by the exact Gaussian Kalman filter. Unlike in [15],
our bound is over both the prediction and update step. The
bound is given in terms of expectations of the first and second
derivatives of the dynamic and measurement model functions
as well as the difference of real and approximated joint means
and covariances. The bound vanishes when the model is affine,
in which case the prediction and measurement distributions are
Gaussian. Section VI contains a numerical example. While the
bound is very conservative, our results will help in gauging the
worst-case performance of Gaussian filters in safety-critical
applications and in determining which approximations in non-
linear filtering are most likely to induce large errors. We also
hope that the results will bring about a new type of stability
analysis for Gaussian filters.

B. Notational conventions

Gradient of a function g: R — R is a column-vector
function Vg with elements [Vg|; = dg/0x;. For clarity, the
gradient of a function g evaluated at f(x) is occasionally written
(Vg)[f(x)]. The Hessian has elements [H,|;; = 0g/0x;0z;.

IThis is Eq. (23) of [15], which erroneously omits the coefficient 1 /2.



For a function g: RY — R? with components g;, the Jacobian
has elements [Jg];; = 0g;/0x;.

We use the Lowner partial ordering of positive-semidefinite
matrices. For matrices A and B, A > B (A > B) means
that A — B is positive-definite (positive-semidefinite). See [16,
Ch. 8] for a review of properties of the Lowner ordering.

Norm is denoted ||-||. Depending on the object, this stands
for the Euclidean norm ||x|| of a vector x € R or the spectral
norm of a matrix A € R%*4_ which is defined as

Al = sup{[|Ax]| / x| : 0 # x € R} = VA (ATA),

where Amax denotes the largest eigenvalue. The LP-norm || X|[
of a random variable X is [ X], = (E[IX|[PDYP. If A is
positive-definite, v/A stands for the unique positive-definite
matrix such that vVAVA = A.

IT. NON-LINEAR GAUSSIAN FILTERING
In this article we consider a non-linear dynamic system
X = f(Xp) + Ua
Y =h(X)+V,

(@)
3

where the state X € R" is obtained by propagating the n-
dimensional Gaussian prior X, ~ N (m,,P,) through the
dynamic model function f: R® — R". The measurement
y € R™ is a realization of the random variable Y that is
obtained via the measurement model function h: R" — R™.
The state and measurement are corrupted by additive Gaussian
noises U ~ A (0,Xy) and V ~ N(0,Xvy). The covariance
matrices P, ¥y, and ¥+, are assumed positive-definite and the
random variables X,,, U and V independent. The distribution
of X is called the prediction distribution. Unfortunately, the
filtering distribution X | Y = y is Gaussian only if the
dynamic and measurement model functions are affine.

We use pr to denote Gaussian projection that transforms a
given random variable into a Gaussian one while preserving the
mean and covariance. That is, for an arbitrary random variable
Z with finite mean E(Z) and covariance Cov(Z) we have

prZ ~ N(E(Z),Cov(Z)), )
which is to say that the moments of the Gaussian projection
match those of the original random variable. In Gaussian
filtering [14, Ch. 8], a Gaussian approximation to the filtering
distribution is obtained via two projections:
1. Prediction. Approximate X in (2) with the moment-
matched Gaussian X = pr X. That is,
where mx = E(X) = E[f(X,)] and
Px = Cov(X) = Cov[f(X,)] + Xy.
2. Use X to construct a Gaussian approximation
Z=(X,Y)=p(X,h(X) +V)

of the joint distribution Z of X and Y. The Gaussian
approximation to Y is then Y ~ N (mg, Pg), where

mg = E(Y) = E[h(X)] and
Py = Cov(Y) = Cov[h(X)] + Sv.

Note that Y does not equal prY:

Y =pr(h(prX)+ V) #pr(h(X)+V)=prY.
The cross-covariance is
Cx g = Cov(X,Y) = E[(X — mx)(h(X) — mg)T].

3. Update. Use the standard Gaussian conditioning formulas
to compute a Gaussian approximation to X | Y =y:

p(X|Y =y)~pX|Y =y)=N(mgy Pgg)
where

-1
mg ¢ =mx + Cz ¢PS (Y —mg),
-~ = _C-~ ~P-IT
PX|Y =Px CX,YP{( Cfi,i?'

Figure 1 shows the one-step structure of a Gaussian filter.
The Gaussian approximation to the conditional distribution is
then treated as X, and the procedure repeated for as many time-
steps as called for. Within this scheme the Gaussian integrals

[ stoNtxm®). [ eet0N x| w.E)

for g1,g2 € {f,h} need to be computed, a task that is
rarely possible analytically. In engineering literature, the most
prevalent numerical integration methods for approximating
these integrals are the fully symmetric cubature integration
formulas of McNamee and Stenger [17], used in the unscented
transform of Julier ef al. [18]. See [13] and [14, Ch. 8] for
other popular sigma-point methods. As our aim is not to
compare accuracy or effect of different sigma-point schemes,
the problem of integral computations is not taken into account in
what follows (one interested in this aspect should see, e.g., [15]
and [19]). That is, we consider an exact Gaussian filter which
computes the moments exactly. Theorem 5, our main tool,
would not even lend itself easily to inclusion of numerical
integration errors. The triangle inequality could be used, but
this would offer little additional insight.

III. WASSERSTEIN DISTANCE

This section introduces the main metric of this article,
the Wasserstein distance. Aside from the metrics discussed
here, a great number of other metrics for measuring the
distance between random variables exist [20]. We focus on the
Wasserstein distance because Theorem 5, our main workhorse,
is not available in sufficient generality for other distances. The
pth Wasserstein distance W, often known as earth mover’s
distance, between random variables X and Z in R% is

W,(X, Z)? = inf E(|Y — U|]"),

where the infimum is over all joint distributions of random
variables Y and U whose marginal distributions coincide with
those of X and Z. Wasserstein distances are important in
the theory of optimal transport [21]. We use only the first
Wasserstein distance Wy that will be from now simply called
the Wasserstein distance and denoted dvy.



Many useful probability metrics are encompassed by the
family of metrics defined as

d(X,Z) = sgg’E[h(X)] —E[n(Z)]

; &)

where H is some class of functions from R? to R. The two most
important members of this class are the Wasserstein distance
dw(X,Z) =W1(X,Z) = sup [E[(X)] - E[r(Z)]],
Lip(h)<1
where Lip(h) = sup,, [h(x) = h(y)|/ [[x — y|| is the maxi-
mal Lipschitz constant, and the fotal variation distance
drv(X,Z) = sup [E[h(X)] - E[(Z)]].
[h|<1/2
Note that the total variation distance is at most one and is thus
more suitable for convergence analysis than for our purposes.
The following propositions can be found in [22]. When
combined, they provide an upper bound on the Wasserstein
distance between two Gaussian random variables.

Proposition 1. If 1 < ¢ < p, then Wy (X,Z) < W,(X,Z)
for any random variables X and Z.

Proposition 2. Let X ~ N(pux,Xx) and Z ~ N (puz,Xz)

with positive-definite ¥x and ¥z. Set Lx = Z;(/Z. Then

Wo(X,Z)? = ||ux — pz|’ + trSx + tr Sz
— 2tr (\/M)
In the notation of Proposition 2, these propositions yield
dw(X,Z)? < |px — pz|* + trEx + tr 2z
2t (VExTSgkx ).

Ley et al. [23] have derived an upper bound for the Wasserstein
distance between two univariate Gaussians directly, without
using Proposition 1. However, in the multivariate case bounds
derived in this way seem to exist only for centered Gaus-
sians [24, Exr. 4.5.3].

(6)

IV. STEIN’S METHOD AND POINCARE INEQUALITIES

This section introduces the two inequalities essential for the
developments of this article. These are the Poincaré inequalities
of Theorems 3 and 5 that provide means of controlling a
transformed Gaussian random variable in terms of expectations
of first and second derivatives of the transformation. These
inequalities, particularly the second one, are closely linked to
Stein’s method, the basics of which we sketch next.

Stein’s method has its basis on the familiar identity

E[Xg(X)] = Elg'(X)], M

often called Stein’s identity or Stein’s lemma, that holds
for every differentiable function g: R — R if and only if
X ~ N(0,1). This identity allows one to assess the Gaussianity
of a transformed random variable via the differential equation

9'(2) = 29(2) = h(z) — E[A(X)],

where h: R — R is differentiable. For a solution g, to this
differential equation and any random variable Z we have

E[h(X)] — E[h(Z)] = Elg},(Z)] — E[Zgn(2)],

where the right-hand side vanishes by (7) if Z ~ A(0,1). In
the univariate case, Equation (5) can be thus written as

dy (X, Z) = ZIGIEIE[h(X)} —E[r(2)]|

= sup|Elg},(2)] — E[Zgn(Z)]
heH

)

which depends on X only via gj. Stein’s method has its origins
in the work of Stein [25]. See [24], [26], and [27] for reviews.

First of the inequalities we are interested in is variously
known as Poincaré inequality [24] or Chernoff’s inequality [28]
and provides variance bounds for transformed Gaussian random
variables. This inequality originates in the works of Nash [29,
Part II] and Chernoff [30], with proofs based on a variance
expansion in terms of Hermite polynomials. The multivariate
version below is due to Cacoullos [28].

Theorem 3 (Poincaré inequality; [28]). If g: R® — R% js
differentiable and X ~ N (u,X), then

E[J¢(X)|ZEJ¢(X)]T < Covlg(X)] < E[Jg(X)BI¢(X)T].

The bounds coincide if and only if g is affine, which is to say
that g(x) = Ax + b for some A € R=*% agnd b € R,

Recent second order Poincaré inequalities are essential for
our purposes. These inequalities bound distances between g(X)
and prg(X) when X is Gaussian. The first such inequality,
proved by Chatterjee [31], was for the total variation distance
but required that g be a mapping to the real line. Multivariate
extensions for the Wasserstein distance appear in [32] and [33].
The version in Theorem 5 below is a corollary of [32, Thm. 7.1].

Definition 4. Let X € R% be a random variable. The set of
twice-differentiable functions g: R% — R? such that g(X),
Vg:(X) and Hy, (X) have finite L*-norms for alli = 1,...,d>
is denoted by L£(X).

For notational convenience we define
da
IVeX)lle =Y (E[Vg:(X)|*)H*,
i=1
da
[Hg(X)[lar = > (B[ Hy, (X)[*))"/*

i=1

when g: R% — R? Note that due to the placement of the root
these are not conventional L*-norms but sums of L*-norms.
These quantities are finite if g € £(X).

Theorem 5 (2nd order Poincaré inequality; [32]). Let X € R%
be a Gaussian random variable and g: R® — R% for d; > do
a twice differentiable function. Suppose that g € L(X) and
that g(X) has mean p and positive-definite covariance ¥. Then

dw (g(X), prg(X)) < % = s
% [Hg(X)[, V&)l

Interpreting this inequality is straighforward: if the Hessians
are non-zero, the distance is positive since g(X) is not
Gaussian; if the Hessians vanish, g is affine, so that g(X)
is Gaussian and pr g(X) = g(X).
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Fig. 1: Structure and relations of different random variables and their
Gaussian approximations in Sections II and V. The random variables
on the upper part of the figure are Gaussian while the ones on the
lower part are not unless f and h are affine. The Gaussian projection
pr is defined in (4) and the function g in Equation (8).

V. WASSERSTEIN BOUNDS FOR GAUSSIAN FILTERS

This section contains the main results of the article. We
establish upper bounds on the Wasserstein distance dyw (Z, Z)
between the true joint distribution Z of X and Y and the
Gaussian filter approximation Z = (X,Y) constructed as
described in Section II. To use Theorem 5 we need to write Z
as a transformation of a Gaussian random variable. This can
be done by defining a transformation g: R2"*+™ — R™+™ a5

g — g [ :( FOa) +xz ) ®)

X q(x1,x2) + x3

where x1,x5 € R", x3 € R™ and

q(x1,x2) = hif(x1) + x2]. 9

It then follows that
Z=(XY)=g(W)=g(X,U,V),

where W = (X,,, U, V) € R*"*™ is Gaussian.

As is apparent from the structure of a Gaussian filter depicted
in Figure 1, the mean and covariance of Z do not match those
of Z, which means that Theorem 5 cannot be applied directly.

The triangle inequality and (6) tackle this problem:
dw(Z,Z) < dw(Z,prZ) + dw(prZ,Z).  (10)

Theorem 5 is now applicable to the first term and the bound (6)
to the second. We begin by bounding the true joint covariance
Cov(Z) with the Poincaré variance inequality of Theorem 3.

Lemma 6. If f and h are differentiable, then the joint
covariance Cov(Z) obeys the Lowner bounds

A +B;+Cy <Cov(Z) <Ay + Cy, (11
where

_ E[Jf(Xp)}
A= (E[Jh[f(xp)+U]Jf(Xp)] Fr

2We note that one can construct, in a manner reminiscent of the augmented

unscented transform [34], a filter that is based on a direct Gaussian approxi-

mation of Z = g(Xp,, U, V) instead of an approximation derived from pr X
(see Figure 1). This is rarely done in practice. However, in the augmented
case it suffices to bound dyy (Z, pr Z), which is done in Lemma 7.

% (E[3:(X,)IT E[Inlf(X,) + Ue(X,)]T)
In><n
B = (]E(Jh[f(xp) + U])) Zu
% (Lon  E(IW[E(X,) +U)T)
A, =E (Jh[f(I)T(L:)n_i_ U}) [J(Xp)PpJe(X,)T + By
X (Lo Inlf(X,) +UT)]
ov= (o ") @
Proof. The Jacobian of g in Equation (8) is
_ J (Xl) Lixn Onxm
Ta(x) = (Jh[f(x1>f+ xal (1) Inff(x1) + ) Ime>

by the chain rule. We can now use Theorem 3 with X = W.
Because the prior and noise terms are assumed indepen-
dent, the covariance matrix Cov(W) = diag(P,,Xy,Xv)
is block-diagonal. Using the expression for Jz above, we

compute the block matrices E[Jg(W)] Cov(W)E[Jg(W)]T
and E[Jg(W) Cov(W )Jg(W)T] needed in Theorem 3 and,
after some factorization, arrive at (11). O

The following lemma takes care of dw (Z,prZ).

Lemma 7. Suppose that g in Equation (8) is in L(W) from
Definition 4. Let Pz denote the covariance of Z. Then

dw(Z prZ)

\fuP 2 1Pz (IH (X)), + [Ho(X,, U,
(ZH1+IIVﬂ DIl
+ZH1+|\J}(X Vhi)[f(X,,)JrU]HH;/2>,
=1

where the matrix J§(X,,) is defined in Equation (14).

Proof. Because the mean and covariance of pr Z are equal to
those of Z, we can apply Theorem 5 to W and g. This yields

S\f 1 1/2n+m 4\ 1/4
dw(Z.Za) < == P2 IPz]"* Y (B[, (W)]])
=1
n+m 1/4
x Z [1970: (W) [47) /2.

The gradients and Hessians can be expanded. For ¢ < n,
H,, is zero except for Hy, on its upper left corner so that
|Hy, (W)|| = [[Hy, (X,)|l. For ¢ > n, the Hessian has on its
upper left corner the 2n x 2n Hessian Hy, of q in (9) and
hence |Hy, (W)|| = ||Hg, (X,, U)||. For the first n gradients,

IVgs(W)II* = 1+ IV (X))
and for the rest

Vg (W)|? =1+ | Va:(X,, U)||.



By the chain rule, the second gradient is

_ (Je(Xp) (VR [£(X) + U]
Vqi(X,,U) = ( ' (Vhi)[£(X,) + U] ) (13)
= JH(X,)(Vh)[E(X,) + U,
where
o) = (") eren o

Recall the LP-norm notatlon X[, = E[IX]] P])1/P_ Therefore

(E[X)4 = || X2
With this in mind, the bounds and identities above yield
dw (Z prZ)

1/2
P2 (He(X

pllly + [Ha(Xp, U], )

<=IP;
(ZHl+ 195X

£l 19, O ).

Il H1/2

so that inserting (13) yields the claimed upper bound. O

We can now combine these lemmas with (10) and (6) to
obtain the main result of this article.

Theorem 8. If g in Equation (8) is in L(W), then
dw(Z,Z) < Cy + Cs,

where the two constants Cy and Ca, which give the upper
bounds dw(Z,prZ) < Cy and dw(prZ,Z) < Cy, are

3 _
G = 25l (A1+Bi + Cv) Yl11As + Cv |2
x (IHe(Xp) [l + [Ho(Xp, U, )

(ZIIHIIVL DI

S NI
Cy = [\\E(y

~2tr (VL(A; + By + Cv)L)|

9111/2
ulf],”).

—mg |’ +trAs + trEv + trPx + tr Py

1/2

Here A1,B1,Cy and A; are defined in Lemma 6, JI £(Xp) is
defined in Equation (14), and L = Cov(Z )1/2

Proof. The constant C} is obtained from Lemmas 6 and 7. The
constant C is obtained by estimating dy (pr Z, Z) through (6)
and Lemma 6 and noting that tr Cov(Z) < tr(As + Cv),

E(Z) - B(Z) = (E(S?)nilmg ’

for any umvarlate random variable X.

Fig. 2: The non-linear functions f; and f2 in (16).

Let us examine the upper bound of Theorem 8 when f and
h are affine. In this case the function q is also affine, so that
(1 = 0 because the Hessians are zero. We are left with

dw(Z,Z) < Cs.

Note that C is positive if only either f or h is affine. Since
the modelNand measurement functions are affine, X = X
and Y =Y are Gaussian random variables. The bounds in
Lemma 6 coincide because Jacobians are constant matrices.
Hence Cov(Z) = Cov(Z) = A1 +B; + Cy = A + Cy
and tr Cov(Z) = tr Px + tr Py. Also recall from (12) that
tr Cy = trXy. These equations yield (note the square)

dw (Z,Z)?

IE(Y) = E(Y)|” + tr As + 1Sy + tr Px + tr Py
—2tr (VL(A; +B; + Cy)L)

IE(Y) —E(Y)|? + tr Cov(Z) + tr Cov(Z)

— 2tr (V/Cov(2)!/2 Cov(Z) Cov(Z)"/? ),

which is zero since VAI/2AA1L/2 = A.

IN

VI. A NUMERICAL EXAMPLE

We consider two variants of the univariate non-stationary
growth model (e.g., [35]) commonly used to assess and compare
non-linear Kalman filters. The models we consider are

X=[fi(X,)+U, Y=LiX’+V (15)
for the dynamic model functions (plotted in Figure 2)
1+ x
h@) =zt 5a— gy and folo) =2+ 5a——5- (10

The function f is, at least visually, more non-linear than f5. We
set U,V ~ N(0,0.05) and X,, ~ N(0.2,1). Figure 3 shows
the distributions of X, Y, X , and Y. With the expectations
computed using Monte Carlo with 10% samples, Theorem 8
gives the bounds dw(Z,Z) < 2267 and dw(Z,Z) < 663
for fi and fo, respectively. As expected, the bound is larger
for the more non-linear function (i.e., f1). We note that the
term C) of Theorem 8 dominates as Cs & +/2 for both
functions. The bounds are very conservative: the true distances
are dw(X,X) ~ 0.21 and dw(Y,Y) =~ 0.45 for f;, and
dw (X, X) =~ 0.09 and dw (Y,Y) =~ 0.48 for_f>. We have not
found a convenient way to compute dy (Z,Z) from samples.
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Fig. 3: Distributions of X and Y for the model in (15) with f;
(above) and f> (below). Densities of the Gaussian approximations X
and Y are in black.

VII. CONCLUSION

Theorem 8 gives an upper bound on the Wasserstein distance
between the true joint distribution Z of the prediction X and
measurement Y and its Gaussian approximation Z = (X,Y).
The bound vanishes when the model and measurement func-
tions are affine. Understanding how the conditional filtering
distribution X | Y =y relates to its Gaussian approximation
X | Y =y is much more challenging. The key difficulty is in
quantifying how perturbing the prior affects the posterior [36,
Lem. 3.6]. Unfortunately, such stability bounds are available
only under very restrictive assumptions (e.g., [23] and [37]).
This is a pertinent problem throughout Bayesian statistics.
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